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SPACETIME: DECAY OF METRIC COEFFICIENTS
Pei-Ken Hung, Jordan Keller & Mu-Tao Wang
Abstract
In this paper, we study the theory of linearized gravity and
prove the linear stability of Schwarzschild black holes as solutions
of the vacuum Einstein equations. In particular, we prove that
solutions to the linearized vacuum Einstein equations centered at
a Schwarzschild metric, with suitably regular initial data, remain
uniformly bounded and decay to a linearized Kerr metric on the
exterior region. We employ Hodge decomposition to split the so-
lution into closed and co-closed portions, respectively identified
with even-parity and odd-parity solutions in the physics litera-
ture. For the co-closed portion, we extend previous results by
the first two authors, deriving Regge-Wheeler type equations for
two gauge-invariant master quantities without the earlier paper’s
need of axisymmetry. For the closed portion, we build upon ear-
lier work of Zerilli and Moncrief, wherein the authors derive an
equation for a gauge-invariant master quantity in a spherical har-
monic decomposition. We work with gauge-invariant quantities
at the level of perturbed connection coefficients, with the initial
value problem formulated on Cauchy data sets. With the choice
of an appropriate gauge in each of the two portions, decay esti-
mates on these decoupled quantities are used to establish decay
of the metric coefficients of the solution, completing the proof of
linear stability. Our result differs from that of Dafermos-Holzegel-
Rodnianski, both in our choice of gauge and in our identification
and utilization of lower-level gauge-invariant master quantities.
1. Introduction
The Schwarzschild solution of the vacuum Einstein equation in gen-
eral relativity is the unique static solution that represents an isolated
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gravitating system of a single black hole. Studies, both theoretically
and experimentally, of such a system are modeled on the Schwarzschild
solution and its perturbation. The stability of the Schwarzschild solu-
tion is thus of utmost importance. More than two decades after the
work of nonlinear stability of Minkowski space by Christodoulou and
Klainerman [6], the nonlinear stability of Schwarzschild remains open.
This paper addresses the linear stability of the Schwarzschild solution,
which has a long history and rich literature involving the works of both
physicists and mathematicians, culminating in the recent breakthrough
of Dafermos-Holzegel-Rodnianski [8]. This paper provides a different
and simpler proof that reveals the underlying geometric structure of
the vacuum Einstein equation at a more elementary level.
The question of linear stability is formulated in the following way.
Consider the vacuum Einstein equation G(g) ≡ Ric(g) − 12R(g)g = 0,
of which the Schwarzschild metric g0 is solution. Let δg be a solution
of the linearization of the vacuum Einstein equation at Schwarzschild:
(1) δG|g0(δg) = 0.
δg is a smooth symmetric (0, 2) tensor on the background Schwarzschild
spacetime. Since the Einstein equation is invariant under diffeomor-
phisms of the spacetime, any smooth co-vector field X generates an-
other solution δg + πX of (1), encoding an infinitesimal deformation of
the spacetime via the deformation tensor πX = LXg. In addition, the
Schwarzschild solution lies in the larger family of Kerr solutions, and
there are solution of (1) that correspond to Kerr perturbations. We
prove linear stability in the following sense: the linearized metric co-
efficients of δg, after being normalized by the gauge condition, decay
through a suitable foliation to a Kerr perturbation under appropriate
initial conditions.
There are two main approaches to the perturbation problem:
1. Perturbation of metric coefficients: Regge-Wheeler [30] showed
that in a suitable gauge, equation (1) decouples into even-parity and
odd-parity perturbations, corresponding to axial and polar perturba-
tions in Chandrasekhar [5]. Originally, Regge-Wheeler [30] discovered
the master Regge-Wheeler equation in the axial or odd-parity case; more
than a decade later, Zerilli [38] derived the eponymous equation in the
polar or even-parity case. Later work by Moncrief [27] phrased the de-
coupling in terms of a gauge-invariant, connection-level quantity, which
we refer to as the Zerilli-Moncrief function. See also [7, 25, 33].
2. Perturbation in Newman-Penrose (N-P) formalism: In particular,
it is known that the extreme linearized Weyl curvature components
satisfy the Teukolsky equation [32], which can be further solved by
separation of variables.
On the Schwarzschild background there is a transformation theory,
initiated by Wald [35] with further refinements by Aksteiner et al. [1],
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which relates the Regge-Wheeler equation and the Teukolsky equation.
The Regge-Wheeler equation has a favorable potential which allows for a
direct analysis, while this is not clear for the Teukolsky equation. In this
way, the mapping is vital to the work of Dafermos-Holzegel-Rodnianski
[8], as discussed below, in addition to the work of Lousto-Whiting [22].
In the Schwarzschild and Kerr settings, the estimates and techniques
from the study of the scalar wave equation, regarded as a “poor man’s”
linearization of the vacuum Einstein equations, are expected to prove an
essential ingredient in further progress on linear stability, with develop-
ments in linear stability playing a similar role in non-linear stability. A
complete theory, including uniform boundedness and decay estimates, is
now in place for scalar waves, first appearing in the works of Dafermos-
Rodnianski [9] in the Schwarzschild setting and Dafermos-Rodnianski-
Shlapentokh-Rothman [11] in sub-extremal Kerr, with contributions
and refinements also appearing in [19, 21, 4, 13, 2, 26, 31, 23].
To get a complete theory of linear stability, one needs to prove such
decay estimates for each component of a solution δg under a suitable
gauge, and modulo the Kerr perturbations. Finster-Smoller [14] prove
the decay estimates of Teukolsky equation on the Schwarzschild back-
ground (see also the Kerr case [15]). However, the decay estimates of
the perturbed metric coefficients δg do not follow from this. Note that
the extreme linearized Weyl curvature components are gauge invariant
quantities, while the decay of metric coefficients holds true only after
a gauge condition. In the Kerr case, it seems that the reconstruction
of metric coefficients from the extreme components of Weyl curvatures
in the N-P formalism remains unsolved, with partial results appearing
in Wald [34]; see also [37]. Specializing to the Schwarzschild back-
ground, the results of Dafermos-Holzegel-Rodnianski [8] in double null
coordinates can be recast in the N-P formalism to yield a reconstruction
procedure.
The authors of [8] make use of the aforementioned transformation
theory and show that a certain second derivative of extreme linearized
Weyl curvature satisfies a Regge-Wheeler type equation with a favorable
potential. A double null gauge is imposed to derive that all perturbed
metric coefficients decay modulo the Kerr perturbation.
The current paper provides a theory of linear stability on the level of
the metric perturbation. In the space of linearized solutions of symmet-
ric (0, 2) tensors δg, we identify the Kerr perturbation in the subspace
of lower angular modes. For the higher angular modes, we work with
gauge-invariant quantities at the level of perturbed connection coeffi-
cients which satisfy Regge-Wheeler type equations with favorable po-
tentials. The Regge-Wheeler gauge and an interpolated Chandrasekhar
gauge are adopted to prove the decay of all perturbed metric coefficients
and complete the proof.
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In order to identify the Kerr perturbation, we first decompose any
smooth, symmetric (0, 2) tensor δg according to angular modes
(2) δg = δgℓ<2 + δgℓ≥2
per Proposition 5.
Summarizing our results, we prove linear stability of the Schwarzschild
spacetime as stated in Theorem 1 and Theorem 2:
Theorem 1. Let δg be a smooth, symmetric (0, 2) tensor on the
Schwarzschild spacetime, satisfying the linearized vacuum Einstein equa-
tions (1).
For the δgℓ<2 component of δg, there exists a unique smooth co-vector
Xℓ<2 (modulo Killing fields) on the Schwarzschild spacetime and con-
stants c, d−1, d0, d1 such that
(3) δgℓ<2 = πXℓ<2 + cK +
∑
m=−1,0,1
dmKm,
where K,K−1,K0,K1 are smooth symmetric (0, 2) tensors that corre-
spond to linearized Kerr solutions specified in Definition 6.
The existence part of Theorem 1 is well-known, first appearing in the
work of Zerilli [38]. See also Martel-Poisson [25]. We provide a different
proof for completeness.
Theorem 2. Under the same assumption for δg as in Theorem 1
and assuming moreover δgℓ≥2 is compactly supported away from the
bifurcation sphere on the time-slice {t = 0}, there exists a smooth co-
vector Xℓ≥2 such that
(4) δgℓ≥2 = πXℓ≥2 + δ̂g
ℓ≥2
,
with the components of the gauge-normalized solution δ̂g
ℓ≥2
decaying
pointwise through a suitable foliation.
For more information on the decay mentioned above, in particular
the rate of decay and the norms on initial data, we refer the reader to
Section 10.
Another decomposition (the Hodge type decomposition) of the space
of symmetric (0, 2) tensors is adopted to study δg. Any δg is decomposed
into the closed and co-closed portions, which generalize the even-odd or
axial-polar decompositions in physics literature, without any symmetry
or mode assumptions. Note that K belongs to the closed part while
Km,m = −1, 0, 1 belong to the co-closed part.
For each portion of δgℓ≥2, we decouple gauge-invariant quantities
satisfying Regge-Wheeler type equations (71, 74, 104); analysis of these
Regge-Wheeler type equations shows that each quantity decays to zero
through a suitable foliation. Identification of gauge-invariant quanti-
ties of the co-closed portion appeared in the work of Regge-Wheeler
LINEAR STABILITY OF SCHWARZSCHILD SPACETIME 5
[30] and Cunningham-Moncrief-Price [7], with estimates for the asso-
ciated Regge-Wheeler equations accomplished in the mathematics lit-
erature [3, 12, 16, 8]. The novel feature of our work lies in exploit-
ing these estimates for the gauge-invariant quantities identified by both
Cunningham-Moncrief-Price and Regge-Wheeler to deduce estimates on
a third gauge-invariant quantity via direct analysis of the linearized vac-
uum Einstein equations. Identification of the gauge-invariant quantity
of the closed portion appear in the works of Moncrief and Zerilli [27, 38],
with the present work and that of Johnson [18] being the first to analyze
the associated Zerilli equation. With these estimates in hand, the rest
of the proof consists of the reconstruction of components of δgℓ≥2 from
these quantities under suitable gauge choice of Xℓ≥2 and the deduc-
tion of decay of all components of δg. The well-known Regge-Wheeler
gauge has been used in the physics literature to reconstruct the co-
closed portion pointwise in terms of the gauge-invariant Regge-Wheeler
and Cunningham-Moncrief-Price functions. With the introduction and
estimation of our third gauge-invariant quantity, we are further able to
estimate the co-closed portion in this gauge. The choice of the gauge for
the closed portion is more subtle. Utilizing a novel interpolation of the
Chandrasekhar gauge, as outlined in Section 9, reconstruction and esti-
mation of the closed portion is accomplished. In the end, the decay of all
components of δgℓ≥2 is achieved by imposing the Regge-Wheeler gauge
on the co-closed portion and an interpolated Chandrasekhar gauge on
the closed portion.
The stability of Schwarzschild spacetime is a subcase of the broader
matter of Kerr stability, so it is natural to wonder about the prospects
of generalizing our arguments to the Kerr background. Owing to our
reliance on the spherical symmetry of Schwarzschild spacetime in the
Hodge decomposition discussed above, adaptation of our method to the
Kerr setting would be nontrivial. In the special case of small angular
momentum a << M , with a small deviation from spherical symmetry
and weak coupling of the closed and co-closed portions, the problem
does appear to be tractable.
The paper is organized as follows. In Section 2, we present the
Schwarzschild spacetimes as a family of static, spherically symmetric
spacetimes satisfying the vacuum Einstein equations. In Section 3, we
discuss linearized gravity about such spherically symmetric spacetimes.
In particular, we discuss Hodge decomposition on the spheres of symme-
try and decomposition into spherical harmonics. In Section 4 we present
the well-known linearized Kerr family of solutions, along with the pure
gauge solutions. Using such solutions, we treat the analysis of δgℓ<2 and
the proof of Theorem 1 in Section 5. Subsequent sections deal with the
analysis of the closed and co-closed portions of the remainder δg≥2. In
Section 6, we prove decay of the co-closed portion in the Regge-Wheeler
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gauge, extending results from the previous [17]. In Section 7, we present
the well-known Zerilli-Moncrief function as a gauge-invariant quantity
satisfying the Zerilli equation, the analysis of which is the subject of
Section 8. In Section 9, we introduce the Chandrasekhar gauge and
prove decay of the closed solution under a suitable modification of the
gauge. We summarize our results on δgℓ≥2 in Section 10, wherein we
prove Theorem 2.
2. The Schwarzschild Spacetime
The Schwarzschild spacetimes (M, gM ) comprise a family of static,
spherically symmetric spacetimes, parametrized by mass M > 0. Each
such spacetime is vacuum; i.e., each metric gM satisfies the vacuum
Einstein equations Ric(gM ) = 0.
The staticity and spherical symmetry of the Schwarzschild family are
encoded in a number of Killing fields. In particular, we have the static
Killing field, denoted T , and the rotational Killing fields, denoted Ωi,
with i = 1, 2, 3. For convenience in what follows, we collect the rotation
Killing fields in the set Ω := {Ωi|i = 1, 2, 3}. Moreover, we denote by
K := {T,Ω1,Ω2,Ω3} the full set of Killing fields.
Our results concern the Schwarzschild exterior region, up to and in-
cluding the future event horizon. In the course of our analysis, various
coordinate systems will prove useful; we enumerate them below.
The Schwarzschild exterior, not including the event horizon, is cov-
ered by a coordinate patch (t, r, θ, φ) with t ∈ R, r > 2M, (θ, φ) ∈ S2.
In these standard Schwarzschild coordinates, the Schwarzschild metric
has the form
(5) gM = −
(
1−
2M
r
)
dt2 +
(
1−
2M
r
)−1
dr2 + r2σ˚αβdx
αdxβ ,
where
(6) σ˚αβdx
αdxβ := dθ2 + sin2 θdφ2
is the round metric on the unit sphere. Often we use the shorthand
µ :=
2M
r
,(7)
∆ := r2 − 2Mr.(8)
Alternatively, we can cover this region with the Regge-Wheeler coor-
dinates (t, r∗, θ, φ), with tortoise coordinate r∗ normalized as
(9) r∗ := r + 2M ln(r − 2M) − 3M − 2M ln(M),
such that the metric
(10) gM = −(1− µ)dt
2 + (1− µ)dr2∗ + r
2σ˚αβdx
αdxβ
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is defined on t ∈ R, r∗ ∈ R, (θ, φ) ∈ S
2, with r∗ = 0 on the photon
sphere r = 3M .
A variant of the above takes t∗ = t+ 2M ln(r − 2M), with
(11) gM = −(1− µ)dt
2
∗ + 2µdt∗dr + (1 + µ)dr
2 + r2σ˚αβdx
αdxβ ,
now defined for (t∗, r, θ, φ) coordinates satisfying t∗ ∈ R, r > 0, (θ, φ) ∈
S2. In contrast with the previous two, this coordinate system covers
both the exterior region and the black hole region.
Finally, we shall refer to the double-null coordinate system (u, v, θ, φ),
with null coordinates u and v related to the Regge-Wheeler coordinates
by
u =
1
2
(t− r∗),
v =
1
2
(t+ r∗).
(12)
With this relation, the Schwarzschild metric takes the form
(13) gM = −4(1− µ)dudv + r
2σ˚αβdx
αdxβ.
Note that each of the above coordinate systems covers only a portion
of the maximally extended Schwarzschild spacetime, globally parametrized
by the Kruskal coordinates [20]. As we work only on the exterior region
and the future event horizon, the coordinate systems above suffice for
our purposes. Indeed, all of the statements made below are coordinate-
invariant, but are more transparently expressed in these coordinate sys-
tems rather than in the Kruskal coordinate system. In particular, decay
rates and weights appear as straightforward polynomial expressions in
the above systems, while their expression in Kruskal coordinates involves
transcendental functions or implicit relations.
For more information on the Schwarzschild spacetime, we direct the
reader to the comprehensive references [36, 5].
3. Linearized Gravity in a Spherically Symmetric
Background
3.1. Spherically symmetric background. The analysis in this sec-
tion applies to a spherically symmetric spacetime (M, g) such that the
group SO(3) acts by isometry.
Let (Q, g˜ =
∑
A,B=0,1 g˜ABdx
AdxB) be a two-dimensional Lorentzian
manifold with local coordinates xA, A = 0, 1. Let (S2, σ˚ =
∑
αβ=2,3 σ˚αβdx
αdxβ)
be the unit two-sphere with the standard Riemannian metric in local
coordinates xα, α = 2, 3. We adopt the convention that any repeated
index is summed. Each point on Q represents an orbit sphere, with
r a positive function which represents the areal radius of each orbit
sphere. We consider a general spherically symmetric spacetime in local
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coordinates x0, x1, x2, x3:
(14) gabdx
adxb = g˜ABdx
AdxB + r2σ˚αβdx
αdxβ, A,B = 0, 1, α, β = 2, 3.
The index notations above are adopted throughout the paper: A,B,C, · · · =
0, 1 for quotient indices, α, β, γ, · · · = 2, 3 for spherical indices, and
a, b, c, · · · = 0, 1, 2, 3 for spacetime indices.
The Christoffel symbols Γcab of a spherically symmetric spacetime are
ΓCAB = Γ˜
C
AB,
Γγαβ = Γ˚
γ
αβ,
ΓβαA = r
−1∂Ar(δ
β
α),
ΓDαβ = −r∂
Dr(˚σαβ),
where ΓCAB and Γ˚
γ
αβ are the Christoffel symbols of g˜AB and σ˚αβ, respec-
tively.
In terms of these Christoffel symbols, we consider two types of differ-
ential operators, ∇˜A and ∇˚α. When applied to functions, ∇˜A and ∇˚α
are just differentiation with respect to coordinate variables xA, A = 0, 1
and xα, α = 2, 3, respectively. For co-vectors, we define
∇˜Adx
B = −Γ˜BACdx
C ,
∇˜Adx
α = 0,
∇˚αdx
B = 0,
∇˚αdx
β = −Γ˚βαγdx
γ ,
(15)
with an obvious extension of the operators to more elaborate tensor
bundles.
We use the notation ˜ and ∆˚ for the quotient d’Alembertian and
the spherical Laplacian operators. Furthermore, we denote the volume
forms for the quotient space and the unit sphere by ǫAB and ǫαβ , re-
spectively.
Throughout the paper, we consider quantities which are scalars, co-
vectors, or symmetric traceless two-tensors on the spheres of symmetry,
with associated sphere bundles referred to as L(0),L(−1), and L(−2),
respectively. Note that the spacetime norm | |g is positive-definite on
these bundles, owing to the Riemannian nature of the orbit spheres. The
bundles come equipped with projected covariant derivative operators /∇,
defined for scalars by ordinary differentiation and for co-vectors by
/∇adx
α = −Γαaγdx
γ , for a = 0, 1, 2, 3,
with obvious extension to symmetric traceless two-tensors. We denote
the associated d’Alembertian operators by
(16) /L(−s) := /∇
a /∇a,
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with s = 0, 1, 2 and the appropriate covariant derivative operator. Note
that /L(0) =  is the standard d’Alembertian operator on M. For
further details, see [17].
The projected connection, as well as the associated d’Alembertian
and Laplacian operators, are related to the quotient and spherical oper-
ators of the first subsection in a straightforward fashion. We illustrate
the procedure on the bundle L(−2):
/∇Atαβ = ∂Atαβ − Γ
γ
Aαtγβ − Γ
γ
Aβtαγ
= ∇˜Atαβ − 2r
−1rAtαβ ,
/∇B /∇Atαβ = ∂B
(
/∇Atαβ
)
− ΓCBA /∇Ctαβ
− ΓγBA /∇γtαβ − Γ
γ
Bα
/∇Atγβ − Γ
γ
Bβ
/∇Atαγ
= ∇˜B
(
/∇Atαβ
)
− 2r−1rB
(
/∇Atαβ
)
= ∇˜B∇˜Atαβ − 2r
−1rA∇˜Btαβ − 2r
−1rB∇˜Atαβ
+ 6r−2rArBtαβ − 2r
−1
(
∇˜A∇˜Br
)
tαβ,
/∇γtαβ = ∇˚γtαβ,
/∇λ /∇γtαβ = ∂λ
(
/∇γtαβ
)
− Γδλγ /∇δtαβ
− Γδλα /∇γtδβ − Γ
δ
λβ /∇γtαδ − Γ
A
λγ /∇Atαβ
= ∇˚λ∇˚γtαβ + rr
Aσ˚λγ
(
/∇Atαβ
)
= ∇˚λ∇˚γtαβ + rr
Aσ˚λγ
(
∇˜Atαβ − 2r
−1rAtαβ
)
.
Contracting the above, we deduce the relation
/L(−2)tαβ = ˜tαβ − 2r
−1rA∇˜Atαβ + r
−2∆˚tαβ
+ 2r−2rArAtαβ − 2r
−1
(
˜r
)
tαβ .
(17)
Likewise, we calculate
(18) /L(−1)vα = ˜vα + r
−2∆˚vα − r
−1
(
˜r
)
vα,
(19) /L(0)V = V = ˜V + 2r
−1rA∇˜AV + r
−2∆˚V.
Specializing to the Schwarzschild spacetime, the quotient metric in
the coordinates x0 = t, x1 = r has the form
g˜ABdx
AdxB = −
(
1−
2M
r
)
dt2 +
(
1−
2M
r
)−1
dr2,
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and the non-vanishing Christoffel symbols of the quotient metric are
Γ111 = −
M
r(r − 2M)
,
Γ100 =
M(r − 2M)
r3
,
Γ001 =
M
r(r − 2M)
.
For convenience in what follows, we also note the formulae
∇˜A∇˜Br =
M
r2
g˜AB ,
|∇˜r|2 = rArA = 1−
2M
r
,
˜r =
2M
r2
,
˜r2 = 2,
K˜ =
2M
r3
,
(20)
with K˜ the Gaussian curvature of the quotient Q.
3.2. The Linearized Vacuum Einstein Equations. Suppose a sym-
metric two-tensor hab = δgab is a linear perturbation of gab. We recall
that a perturbation of the Ricci curvature δRbd satisfies
(21) 2δRbd = g
ae(∇a∇dheb +∇a∇bhed −∇d∇bhea −∇a∇ehbd).
The linear perturbation has the form
(22) δg = hABdx
AdxB + 2hAαdx
Adxα + hαβdx
αdxβ,
with the last component admitting a further decomposition
hαβdx
αdxβ = Hσ˚αβdx
αdxβ + hˆαβdx
αdxβ
into trace and traceless parts. The trace H is regarded as a function on
M, while the traceless part hˆαβ is a symmetric traceless two-tensor with
respect to σ˚αβ. Expressed in this way, the linear perturbation takes the
form
(23) δg = hABdx
AdxB + 2hAαdx
Adxα +Hσ˚αβdx
αdxβ + hˆαβdx
αdxβ ,
with each of hAB , hAα,H, hˆαβ depending upon all spacetime variables.
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Perturbing about a spherically symmetric spacetime, with radial func-
tion r, we compute the linearized Ricci tensor:
2δRAB = 2r
−1rD
(
∇˜AhDB + ∇˜BhDA − ∇˜DhAB
)
− ˜hAB
+ gCD
(
∇˜C∇˜AhBD + ∇˜C∇˜BhAD
)
− ∇˜A∇˜B
(
gCDhCD
)
− 2r−1rA∇˜B(r
−2H)− 2r−1rB∇˜A(r
−2H)− 2∇˜A∇˜B
(
r−2H
)
− r−2∆˚hAB + r
−2∇˜A∇˚
αhBα + r
−2∇˜B∇˚
αhAα,
(24)
2δRAα =− ∇˜A∇˚α(r
−2H) + ∇˜B∇˚αhBA − r∇˜A∇˚α
(
r−1gCDhCD
)
+ 2r−1rB∇˜AhBα + ∇˜
B∇˜AhBα − 2r
−2rAr
BhBα
− 2r−1rA∇˜
BhBα − 2r
−1(∇˜A∇˜
Br)hBα − ˜hAα
+ r−2
(
∇˚γ∇˚αhAγ − ∆˚hAα
)
+ ∇˜A∇˚
γ(r−2hˆαγ),
(25)
2δRαβ =
(
2rrB∇˜AhAB + 2r
ArBhAB + 2r(∇˜
A∇˜Br)hAB
− rrA∇˜A(g
CDhCD)− r
2
˜(r−2H)− 2r−1(˜r)H
+ 6r−2rArAH − 4r
−1rA∇˜AH − r
−2∆˚H
)
σ˚αβ
− ∇˚α∇˚β(g
CDhCD) +
(
∇˜A∇˚αhAβ + ∇˜
A∇˚βhAα
)
+ 2r−1rA∇˚γhAγσ˚αβ + 2r
−2rArAhˆαβ − 2r
−1(˜r)hˆαβ
− 2r−1rA∇˜Ahˆαβ − r
2
˜(r−2hˆαβ)
+ r−2
(
∇˚γ∇˚αhˆβγ + ∇˚
γ∇˚βhˆαγ − ∆˚hˆαβ
)
.
(26)
We note the commutation formulae:
∇˚γ∇˚αhAγ = ∇˚α∇˚
γhAγ + hAα,
∇˚γ∇˚αhˆβγ + ∇˚
γ∇˚βhˆαγ − ∆˚hˆαβ = σ˚αβ∇˚
γ∇˚δhˆγδ + 2hˆαβ .
(27)
Using the second commutation formula (27), we split the equation
(26) into trace and traceless parts:
δRαβ σ˚
αβ = 2rrB∇˜AhAB + 2r
ArBhAB + 2r(∇˜
A∇˜Br)hAB
− rrA∇˜A(g
CDhCD)− r
2
˜(r−2H)− 2r−1(˜r)H
+ 6r−2rArAH − 4r
−1rA∇˜AH − r
−2∆˚H + ∇˜A∇˚αhAα
+ 2r−1rA∇˚γhAγ + r
−2∇˚γ∇˚δhˆγδ −
1
2
∆˚(gCDhCD),
(28)
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2δ̂Rαβ = 2δRαβ − δRγδσ˚
γδσ˚αβ
= ∇˜A
(
∇˚αhAβ + ∇˚βhAα − ∇˚
γhAγ σ˚αβ
)
+ 2r−2hˆαβ
+ 2r−2rArAhˆαβ − 2r
−1(˜r)hˆαβ − 2r
−1rA∇˜Ahˆαβ
− ∇˚α∇˚β(g
CDhCD) +
1
2
∆˚(gCDhCD )˚σαβ − r
2
˜(r−2hˆαβ).
(29)
3.3. Hodge Decomposition. Recall that a general symmetric two-
tensor on a spherically symmetric spacetime has the pointwise decom-
position
(30) δg = hABdx
AdxB + 2hAαdx
Adxα + (Hσ˚αβ + hˆαβ)dx
αdxβ,
with each linearized metric coefficient depending on all spacetime vari-
ables.
The following Hodge type decomposition of components of δg having
the form (30) is derived in the appendix:
Proposition 3. Let hAαdx
Adxα be a two-tensor on M. Regarding
hAαdx
α as a co-vector on S2 for each A = 0, 1, there exist functions HA
and HA on M such that
(31) hAαdx
Adxα = [∇˚αHA + ǫ
β
α(∇˚βHA)]dx
Adxα.
Let hˆαβdx
αdxβ be a two-tensor on M. Regarding hˆαβdx
αdxβ as a
symmetric traceless two-tensor on S2, in the sense that σ˚αβ hˆαβ = 0,
there exist functions H2, H2 on M such that
hˆαβdx
αdxβ =
[
(∇˚α∇˚βH2 −
1
2
σ˚αβ∆˚H2)
+
1
2
(∇˚αǫ
γ
β∇˚γH2 + ∇˚βǫ
γ
α∇˚γH2)
]
dxαdxβ.
(32)
Proposition 4. Any symmetric two-tensor δg of the form (30) can
be decomposed as δg = h1 + h2 where
h1 = hABdx
AdxB + 2(∇˚αHA)dx
αdxA
+ (Hσ˚αβ + ∇˚α∇˚βH2 −
1
2
σ˚αβ∆˚H2)dx
αdxβ,
(33)
(34) h2 = 2ǫ
β
α(∇˚βHA)dx
αdxA +
1
2
(∇˚αǫ
γ
β∇˚γH2 + ∇˚βǫ
γ
α∇˚γH2)dx
αdxβ .
We note that the total number of components of δg remains ten, given
by hAB , A,B = 0, 1, HA, A = 0, 1, HA, A = 0, 1, H, H2, and H2.
We refer to the portions h1 and h2 into which δg was decomposed
above as the closed and co-closed portions, respectively. As the de-
composition is invariant under the spacetime covariant derivative, the
closed and co-closed portions are themselves solutions of the linearized
vacuum Einstein equations (1). Working within a linear theory, there
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is no trouble in studying each of these pieces separately; we simply add
the two together to recover the original.
The closed and co-closed solutions generalize the even-parity (polar)
and the odd-parity (axial) solutions in the physics literature, respec-
tively. In the course of the paper, we will simply refer to them as closed
and co-closed solutions.
3.4. Spherical Harmonics. In this subsection we recall the tensor
spherical harmonics, first introduced by Regge-Wheeler [30]. See also
[25].
The scalar spherical harmonics Y ℓm, indexed by integers ℓ ≥ 0 and
|m| ≤ ℓ, are eigenfunctions of the spherical Laplacian, with eigenvalue
−ℓ(ℓ+ 1). That is, the Y ℓm satisfy
(35) ∆˚Y ℓm = −ℓ(ℓ+ 1)Y ℓm
for ℓ ≥ 0, |m| ≤ ℓ.
With the normalization
(36) ||Y ℓm||L2(S2) = 1,
the eigenfunctions Y ℓm form a complete, orthonormal basis of L2(S2).
For co-vectors on the sphere, we have the closed harmonics
(37) Y ℓmα := ∇˚αY
ℓm,
and the co-closed harmonics
(38) Xℓmα := ǫαβ∇˚
βY ℓm.
Regarding symmetric traceless two-tensors on the sphere, closed har-
monics have the form
(39) Y ℓmαβ :=
(
∇˚α∇˚β +
1
2
ℓ(ℓ+ 1)˚σαβ
)
Y ℓm,
while, for the co-closed harmonics,
(40) Xℓmαβ :=
(
ǫγα∇˚β + ǫ
γ
β∇˚α
)
∇˚γY
ℓm.
We note that, for the co-vector harmonics
∆˚Y ℓmα = (1− ℓ(ℓ+ 1))Y
ℓm
α ,
∆˚Xℓmα = (1− ℓ(ℓ+ 1))X
ℓm
α ,
(41)
with support on ℓ ≥ 1. For the symmetric traceless two-tensor harmon-
ics, we have
∆˚Y ℓmαβ = (4− ℓ(ℓ+ 1))Y
ℓm
αβ ,
∆˚Xℓmαβ = (4− ℓ(ℓ+ 1))X
ℓm
αβ ,
(42)
with support on ℓ ≥ 2. For more details, see (25) and (26) in the
appendix.
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Using the spherical harmonic decomposition above, we split the lin-
earized metric as
(43) δg = δgℓ<2 + δgℓ≥2,
according to the following proposition.
Proposition 5. Any symmetric two-tensor δg on a spherically sym-
metric spacetime can be decomposed into δg = δgℓ<2 + δgℓ≥2, in which
the components of
δgℓ≥2 = hABdx
AdxB + 2hAαdx
Adxα + hαβdx
αdxβ
are characterized by the vanishing of the integrals∫
S2
hABY
ℓm = 0,∫
S2
(∇˚αhAα)Y
ℓm = 0,∫
S2
(ǫαβ∇˚αhAβ)Y
ℓm = 0,∫
S2
σ˚αβhαβY
ℓm = 0,
with respect to the scalar spherical harmonics Y ℓm with ℓ < 2.
4. Linearized Kerr Solutions and Pure Gauge Solutions
4.1. Linearized Kerr Solutions. Considering the Boyer-Lindquist
coordinates as an extension of the standard Schwarzschild coordinates,
we write the Kerr metric in a form suggestive of (30):
gM,a = −
(
1−
2M
r
)
dt2 +
(
1−
2M
r
)−1
dr2 + r2σ˚αβdx
αdxβ
−
4Ma
r
sin2 θdφdt+O(a2).
(44)
We treat separately the linearized change in mass and change in an-
gular velocity below.
4.1.1. Linearized Change in Mass. In the expression above, lin-
earized mass solutions have the form
(45) habdx
adxb =
δM
r
dt2 +
δMr
(r − 2M)2
dr2,
giving infinitesimal change in mass within the Schwarzschild family. We
can verify directly that the symmetric two-tensor hab satisfies the lin-
earized vacuum Einstein equations (1). Note that linearized Schwarzschild
solutions are closed solutions, supported at the lowest harmonic ℓ = 0.
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4.1.2. Linearized Change in Angular Velocity. Infinitesimal change
in angular velocity appears in the linearized Kerr solution as
habdx
adxb =
δa
r
ǫβαY
1m
β dx
αdt
=
δa
r
X1mα dx
αdt,
(46)
for m = −1, 0, 1. Again, direct computation shows that hab is a solution
of the linearized vacuum Einstein equations (1). Such linearized Kerr
solutions are co-closed solutions, supported at the harmonic ℓ = 1.
The above linear perturbations of the Schwarzschild metric form the
four dimensional family of linearized Kerr solutions.
Definition 6. The linearized Kerr solutions K,K−1,K0,K1 of the
linearized vacuum Einstein equations on Schwarzschild are given by:
K =
1
r
dt2 +
r
(r − 2M)2
dr2,
Km =
1
r
ǫβα∇˚βY
1mdxαdt,
with m = −1, 0, 1.
4.2. Pure Gauge Solutions. The following calculation lemma char-
acterizes pure gauge solutions:
Lemma 7. Suppose G is a co-vector on Schwarzschild, with
(47) G = GAdx
A + (∇˚αG2)dx
α + (ǫβα∇˚βG2)dx
α.
Then the deformation tensor of G decomposes into closed and co-
closed parts, πG = π1 + π2, of the form
π1 = (∇˜AGB + ∇˜BGA)dx
AdxB
+ ∇˚α[∇˜AG2 − 2(r
−1∂Ar)G2 +GA]dx
Adxα
+ 2[∇˚α∇˚βG2 + r(∂
Ar)GAσ˚αβ ]dx
αdxβ,
(48)
π2 = ǫ
β
α∇˚β[∇˜AG2 − 2(r
−1∂Ar)G2]dx
Adxα
+ [∇˚αǫ
γ
β∇˚γG2 + ∇˚βǫ
γ
α∇˚γG2]dx
αdxβ.
(49)
To ensure decay, we must exhaust all gauge freedom by fixing a gauge
for both the closed and co-closed portions above. We treat such gauge
fixing, as well as an identification of the linearized Kerr parameters, for
δgℓ<2 in the next section, deferring gauge fixing of δgℓ≥2 until later in
the paper.
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5. Analysis of the Lower Harmonics and Proof of Theorem 1
In this section, we analyze the lower harmonics represented in δgℓ<2.
With the addition of a suitable pure gauge solution, we are able to ex-
tract the associated linearized Kerr parameters in Definition 6, encoding
linearized change in mass and angular velocity, and prove Theorem 1.
5.1. The ℓ = 0 Case.
Proposition 8. Let δg be a smooth solution of the linearized vacuum
Einstein equations (1) on Schwarzschild, supported at ℓ = 0. Then δg is
decomposable into a linearized Kerr solution and a pure gauge solution;
that is,
δg = πX + cK
for a constant c, a smooth co-vector field X, and the linearized Kerr
solution K in Definition 6.
Proof. With the hypotheses above, δg has the form
δg = hABdx
AdxB +Hσ˚αβdx
αdxβ,
where hAB and H are supported at ℓ = 0. We eliminate the trace H
and diagonalize hAB by the co-vector field X
′ = GAdx
A, with
G0 =
(
1−
2M
r
)∫ r
3M
1
1− 2Ms
[h01(t, s)−
1
2(s − 2M)
∂tH(t, s)]ds,
G1 =
1
2(r − 2M)
H.
Direct calculation shows that
(50) δg − πX′ = h
∗
00dt
2 + h∗11dr
2.
Note that there is residual gauge freedom, as co-vectors X¯ of the form
X¯ =
(
1−
2M
r
)
c¯(t)dt,(51)
with c¯(t) an arbitrary function of time, preserve this gauge reduction.
Projecting the linearized Einstein equations to the harmonic ℓ = 0
yields
δR01 : ∂th
∗
11 = 0,
δG11 : ∂r
(
r
r − 2M
h∗00
)
+
1
r
h∗11 = 0,
δRαβ : ∂r
(
r
r − 2M
h∗00
)
+ ∂r
(
r − 2M
r
h∗11
)
+
2
r
h∗11 = 0.
(52)
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The system has the general solution
h∗11 =
cr
(r − 2M)2
,
h∗00 =
c
r
+
(
1−
2M
r
)
c(t),
(53)
for any constant c and an arbitrary function c(t) of t. That is,
δg − πX′ = cK +
(
1−
2M
r
)
c(t)dt2.
For a co-vector X¯ of the form
(
1− 2Mr
)
c¯(t)dt, the deformation tensor
πX¯ is 2(1−
2M
r )c¯
′(t)dt2. Choosing c¯(t) such that c¯′(t) = c(t)2 , and letting
X = X ′ + X¯, we conclude that
δg − πX = cK.
Note that we still have gauge freedom, in the form c¯(t) ≡ c¯. Such
transformations correspond to scalar multiples of the static Killing field
T , with vanishing deformation tensor. Modulo these translations, the
decomposition of δg above is unique. q.e.d.
5.2. The ℓ = 1, Closed Case.
Proposition 9. Let δg be a smooth, closed solution of the linearized
vacuum Einstein equations (1) on Schwarzschild, supported at ℓ = 1.
Then δg is a pure gauge solution; that is,
δg = πX
for a smooth co-vector field X.
Proof. We reduce the solution using the Chandrasekhar gauge out-
lined in the Section 9.1. Briefly, we are able to choose a co-vector X ′ of
the form GAdx
A + (∇˚αG2)dx
α such that
δg − πX′ = h
∗
00dt
2 + h∗11dr
2 +H∗σ˚αβdx
αdxβ
along with the initial value condition
(54) H∗ + (r2 − 2Mr)h∗11 = 0
on the time-slice {t = 0}; see Lemma 18 for details. In particular, G2
is a solution of the inhomogeneous equations (149) and (150), and G0
and G1 are given by (148). The residual gauge, or the solution of the
corresponding homogeneous equations, is of the form (153) in which
(55) X¯ = −r2∇˜A(r
−2G)dxA + (∇˚αG)dx
α,
with
G = r1/2 (r − 2M)1/2 [c¯1(θ, φ)p(r) + c¯2(t, θ, φ)] ,
where
p(r) =
∫ r
3M
s1/2 (s− 2M)−3/2 ds
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and c¯1(θ, φ) and c¯2(t, θ, φ) are supported on ℓ = 1. We compute
πX¯ = π00dt
2 −
1
r(r − 2M)
HX¯dr2 +HX¯ σ˚αβdx
αdxβ,
where
(56) HX¯ = −6Mr−1/2(r − 2M)1/2[c¯1p(r) + c¯2]− 2c¯1r.
and
π00 = −2r
1/2(r − 2M)1/2(∂2t c¯2)
+ 2M(−1 + 3Mr−1)r−5/2(r − 2M)1/2[c¯1p(r) + c¯2] + 2Mr
−2c¯1.
(57)
Under this gauge condition, the δR0α component of the linearized
Ricci tensor gives
∂t(H
∗ + (r2 − 2Mr)h∗11) = 0.
On the other hand, the δR01, δG11, δR1α and δR00 components give
the following two equations for H∗:
∂t
[
∂r(r
−2H∗) +
2r − 5M
r3(r − 2M)
H∗
]
= 0,
∂r
(
(r2 − 2Mr)
[
∂r(r
−2H∗) +
2r − 5M
r3(r − 2M)
H∗
])
= 0.
(58)
See Proposition 20 for details. The system implies
(r2 − 2Mr)
[
∂r(r
−2H∗) +
2r − 5M
r3(r − 2M)
H∗
]
= c1(θ, φ)
for c1 independent of t, r and supported at ℓ = 1, with general solution
H∗ of the form (56). The δR1α and δG11 components give the following
equations:
∂r(
r
r − 2M
h∗00) +
M
r2
h∗11 +
M
(r − 2M)2
h∗00
+ r−1(−
r
r − 2M
h∗00 +
r − 2M
r
h∗11)− ∂r(r
−2H∗) = 0
−
2
r2
h∗11 +
2
(r − 2M)2
h∗00 −
2
r
∂r
(
r
r − 2M
h∗00
)
+
2(r −M)
r2 − 2Mr
∂r(r
−2H∗)−
2
(r − 2M)2
∂2tH
∗ = 0
(59)
Replacing h∗11 with −(r
2 − 2Mr)−1H∗ and solving h∗00 in terms of
H∗ shows that h∗00 is of the form (57). We are thus able to account
for δg − πX′ by exercising our residual gauge freedom. That is, with
appropriate choices of c¯1 and c¯2 in X¯, we define X = X
′ + X¯ such that
δg = πX . q.e.d.
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5.3. The ℓ = 1, Co-closed Case.
Proposition 10. Let δg be a smooth, co-closed solution of the lin-
earized vacuum Einstein equations (1) on Schwarzschild, supported at
ℓ = 1. Then δg is decomposable into a linearized Kerr solution and a
pure gauge solution; that is,
δg = πX +
∑
m=−1,0,1
dmKm
for constants dm, a smooth co-vector field X, and the linearized Kerr
solutions Km in Definition 6.
Proof. Projecting to the harmonic ℓ = 1, the co-closed portion of δg
has the form
δg = 2(ǫβα∇˚βHA)dx
αdxA,
where HA are supported at ℓ = 1. We reduce δg using the co-vector
field X ′ = ǫβα∇˚βGdx
α, with
∂rG−
2
r
G = H1,
such that
δg − πX′ = 2(ǫ
β
α∇˚βH
∗
0)dx
αdt.
Co-vectors of the form
X¯ = ǫβα∇˚β(r
2
∑
m
c¯m(t)Y
1m)dxα,(60)
with c¯m(t) an arbitrary function of time, act as residual gauge solutions,
preserving the elimination of H1 above.
Writing H∗A =
∑
mH
∗m
A (t, r)Y
1m, the linearized vacuum Einstein
equations (see Section 6.1) amount to
ǫCD∇˜B
[
r4∇˜D(r
−2H∗mC )
]
= 0, B = 0, 1.
Therefore,
ǫCDr4∇˜D(r
−2H∗mC ) = dm,
for a constant dm. With H
∗
1 = 0, we deduce
∂r(r
−2H∗m0 ) = dmr
−4,
with general solution
H∗m0 =
dm
r
+ cm(t)r
2.
That is,
δg − πX′ =
∑
m=−1,0,1
(
dmKm + cm(t)r
2
)
.
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Taking X¯ with c¯′m(t) = cm(t), and letting X = X
′ + X¯ , we find
δg − πX =
∑
m=−1,0,1
dmKm.
Again, there remains gauge freedom in the form c¯(t) ≡ c¯. Such trans-
formations correspond to scalar multiples of the angular Killing fields
Ωi, with vanishing deformation tensor. Modulo these rotations, the
decomposition of δg in the proposition is unique. q.e.d.
5.4. Proof of Theorem 1. Combining the propositions above, we
have a proof of Theorem 1. In particular, adding the various linearized
solutions, we find that there exists a smooth co-vector Xℓ<2 (unique
modulo Killing fields) on the Schwarzschild spacetime and constants c,
d−1, d0, d1 such that
(61) δgℓ<2 = πXℓ<2 + cK +
∑
m=−1,0,1
dmKm,
where K,K−1,K0,K1 are smooth symmetric two-tensors that corre-
spond to linearized Kerr solutions specified in Definition 6.
The rest of the paper is concerned with the analysis of the closed and
co-closed pieces of the remainder δgℓ≥2.
6. The Co-closed Solution
In this section, we analyze the co-closed portion h2 (34) of δg
ℓ≥2.
Recall that the co-closed portion has vanishing components
hAB = 0,
H = 0,
(62)
with its remaining components satisfying the divergence conditions
∇˚αhAα = 0,
∇˚α∇˚βhˆαβ = 0.
(63)
6.1. The Linearized Vacuum Einstein Equations.With the van-
ishing of hAB and H and the divergence-free conditions above, we need
only consider the equations (25) and (29). After some simplification,
we find
2δRAα =− r
−2ǫABǫ
CD∇˜B
(
r4∇˜D(r
−2hCα)
)
− r−2∇˚β
(
∇˚αhAβ + ∇˚βhAα − r
2∇˜A(r
−2hˆαβ)
)
− r−2˜(r2)hAα + 2r
−2hAα,
(64)
2δ̂Rαβ = ∇˜
A
(
∇˚αhAβ + ∇˚βhAα − r
2∇˚A(r
−2hˆαβ)
)
− 2r−2rArAhˆαβ − 2r
−1(˜r)hˆαβ + 2r
−2hˆαβ .
(65)
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In (64) we have used the generic calculation
r−2ǫABǫ
CD∇˜B
(
r4∇˜D(r
−2hCα)
)
= ˜hAα − ∇˜
B∇˜AhBα − r
−2
˜(r2)hAα
+ 2r−2rBrAhBα + 2r
−1(∇˜B∇˜Ar)hBα + 2r
−1rA∇˜
BhBα − 2r
−1rB∇˜AhBα,
in addition to the first commutation formula (27).
Next, we define the spherical one-form
(66) P = Pαdx
α := r3ǫAB∇˜B(r
−2hAα)dx
α,
and the mixed quantity
Q = QαβAdx
αdxβdxA
:=
(
∇˚βhAα + ∇˚αhAβ − r
2∇˜A(r
−2hˆαβ)
)
dxαdxβdxA,
(67)
each of which is gauge-invariant with respect to co-closed pure gauge
solutions (49).
Specializing to the Schwarzschild background (that is, applying (20)),
the linearized vacuum Einstein equations (1) take the form
(68) 2δRAα = −r
−2ǫAB∇˜
B(rPα)− r
−2∇˚βQαβA = 0,
(69) 2δ̂Rαβ = ∇˜
AQαβA = 0.
By definition, the two objects also satisfy the relation
(70) ǫAB∇˜B
(
r−2QαβA
)
− r−3∇˚αPβ − r
−3∇˚βPα = 0.
6.2. Decoupled Quantities. Applying rǫAB∇˜B to (68) and r∇˚
β to
(70), we find
rǫAB∇˜B
(
r−2ǫAC∇˜
C(rPα)
)
+ r∇˚βǫAB∇˜B(r
−2QαβA) = 0,
− r∇˚βǫAB∇˜B(r
−2QαβA) + r
−2∇˚β∇˚αPβ + r
−2∇˚β∇˚βPα = 0.
Adding the two, we have
rgBC∇˜B
(
r−2∇˜C(rPα)
)
+ r−2Pα + r
−2∆˚Pα = 0,
decoupling P .
Expanding the first term above, we find
˜Pα + r
−2∆˚Pα +
(
r−2 − 2r−2rBrB + r
−1
(
˜r
))
Pα = 0.
Applying the formula for the spin-1 d’Alembertian (18), along with
the background formulae (20), we arrive at the Regge-Wheeler type
equation
(71) /L(−1)P =WP,
with potential
(72) W :=
1
r2
(
1−
8M
r
)
.
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We refer to the co-vector P as the Cunningham-Moncrief-Price function,
following the work [7]; see also [25].
Next, we act on (68) by the operator ∇˚β. Multiplying (70) by r
4,
and applying the operator r−2ǫAB∇˜
B to the result, we find
r−2ǫAB∇˜
B(r∇˚βPα) + r
−2∇˚β∇˚
γQαγA = 0,
r−2ǫAB∇˜
B
(
r4ǫCD∇˜D(r
−2QαβC)
)
− r−2ǫAB∇˜
B(r∇˚αPβ)− r
−2ǫAB∇˜
B(r∇˚βPα) = 0.
Symmetrizing the first equation and summing, we find
r−2ǫAB∇˜
B
(
r4ǫCD∇˜D(r
−2QαβC)
)
+ r−2∇˚β∇˚
γQαγA + r
−2∇˚α∇˚
γQβγA = 0.
(73)
The first term above can be expanded by appealing to the relation
ǫABǫ
CDPBDC = P
B
BA − P
B
AB ,
valid for tensors on the two-dimensional quotient space. Applying this
result, and contracting the equation with rA, we find(
˜QαβA
)
rA − 2r−1rArB∇˜BQαβA − r
−1
(
˜r
)
QαβAr
A
+ 2r−1(rBrB)∇˜
BQαβB − r
A
(
∇˜B∇˜AQαβB
)
+ r−2∇˚α∇˚
γ
(
QβγAr
A
)
+ r−2∇˚β∇˚
γ
(
QαγAr
A
)
= 0.
Commuting the covariant derivative, and applying (69), we rewrite
the term
rA
(
∇˜B∇˜AQαβB
)
= K˜QαβAr
A.
With this and application of (69) to the other divergence term, our
equation takes the form(
˜QαβA
)
rA − 2r−1rArB∇˜BQαβB − r
−1
(
˜r
)
QαβAr
A
− K˜QαβAr
A + r−2
(
∇˚α∇˚
γQβγAr
A
)
+ r−2
(
∇˚β∇˚
γQαγAr
A
)
= 0.
Comparing this expression with the spin-2 d’Alembertian (17) applied
to QαβAr
A,
/L(−2)
(
QαβAr
A
)
=
(
˜QαβA
)
rA +
(
˜rA
)
QαβA
+ 2
(
∇˜A∇˜Br
)
∇˜BQαβA − 2r
−1rA
(
∇˜A∇˜
Br
)
QαβB
− 2r−1rArB∇˜AQαβB + r
−2∆˚
(
QαβAr
A
)
+ 2r−2
(
rBrB
) (
QαβAr
A
)
− 2r−1
(
˜r
) (
QαβAr
A
)
,
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a lengthy reduction, using the linearized Einstein equation (69), the
background calculations (20), and the commutation relation
∇˚α∇˚
γQβγA + ∇˚β∇˚
γQαγA − ∆˚QαβA = −2QαβA,
yields the equation
(74) /L(−2)
(
QαβAr
A
)
= V (−)
(
QαβAr
A
)
,
with
(75) V (−) :=
4
r2
(
1−
2M
r
)
.
Subsequently, we denote Q
(−)
αβ := QαβAr
A, referred to as the Regge-
Wheeler function per Martel-Poisson [25]. We further denote
(76) Qt := QαβAT
A.
6.3. Spin-Raising of Pα.We denote by D the symmetrized gradient
operation, and consider the quantity
Sαβ := r (DP )αβ = r
(
∇˚αPβ + ∇˚βPα
)
.
Expanding with definition (17), we find
/L(−2)Sαβ = ˜Sαβ − 2r
−1rA∇˜ASαβ
+ r−2∆˚Sαβ + 2r
−2rArASαβ − 2r
−1
(
˜r
)
Sαβ
= D
((
˜r
)
Pα + r˜Pα + 2r
A∇˜APα
)
+D
(
−2rA∇˜APα − 2r
−1rArAPα
)
+ r−1
(
D∆˚Pα + 3DPα
)
+ 2r−2rArASαβ − 2r
−1
(
˜r
)
Sαβ,
where we have used
∆˚DP = D∆˚P + 3DP.
Grouping terms and applying the definition (18), we find
/L(−2)Sαβ = rD /L(−1)P + 3r
−2Sαβ
=
(
W + 3r−2
)
Sαβ,
where we have used the wave equation (71). That is, the spin-raised
quantity Sαβ satisfies
(77) /L(−2)Sαβ = V
(−)Sαβ,
with V (−) defined by (75).
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6.4. Master Quantity for the Co-Closed Portion. The master
quantity Q(−) can be rewritten in an alternate form to facilitate com-
parison with the master quantity (106) in the closed portion. For a
co-closed solution h2 (34), we define
(78) ǫA := HA −
1
2
r2∇˜A(r
−2H2).
It is not hard to see that
(79) Q
(−)
αβ =
(
ǫγα∇˚β + ǫ
γ
β∇˚α
)
∇˚γ(r
AǫA).
It can be shown that rAǫA satisfies a Regge-Wheeler type equation
with respect to the operator ˜. However, the subsequent decay esti-
mates in this article are obtained after identifying rAǫA through (79) as
a section of the bundle of symmetric traceless two-tensors.
6.5. Relation to Chandrasekhar. Following Chandrasekhar [5], in
the axial case,
(80) habdx
adxb = −2r2 sin2 θ(ωdtdφ+ q2drdφ+ q3dθdφ).
Using the definitions (66) and (67), we calculate
P = r3 sin2 θQ02dφ,(81)
Q = sin2 θQ03(r
−2dθdφ)dt+
∆
r2
sin2 θQ23(r
−2dθdφ)dr∗.(82)
The decoupled quantities P and Q(−) correspond, respectively, to β
and α in the first two authors’ earlier work on axial perturbations [17].
Indeed, the decoupling procedures are the same as those in the previous
work. In contrast to [17], however, the above decoupling is achieved
without the need for axisymmetry of the co-closed solution.
6.6. Analysis of the Co-Closed Solution.
6.6.1. Decay of P , Q(−), and Qt. The analysis of the Cunningham-
Moncrief-Price function P and the Regge-Wheeler function Q(−) via
their equations, together with the derived estimates on Qt via the lin-
earized vacuum Einstein equations, is identical to that carried out in
the earlier work [17]; although the results of [17] apply to axisymmetric
perturbations, in accordance with the framework laid out in [5], the
associated analysis does not depend upon axisymmetry. Estimates for
the Regge-Wheeler equation appear in the earlier papers [3, 12, 16, 8];
the novel feature of the present work is in exploiting these estimates for
both the Cunningham-Moncrief-Price function and the Regge-Wheeler
function to deduce estimates on Qt, with estimates on all three leading
to control of the linearized metric following a suitable gauge normal-
ization. After listing relevant notation from [17], we collect the main
results below.
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Decay is expressed with respect to the foliation of smooth spacelike
hypersurfaces Σ˜τ , characterized by
τ = t+ 2M log(r − 2M) + c0, for r ≤ 3M,
= t−
√
r2 + 1 + c1, for r ≥ 20M,
(83)
with the specification in the spatially precompact region 3M < r < 20M
and the choice of constants c0 and c1 made smoothly in such a way that
u, v ≥ τ on Σ˜τ .
Energies are specified in terms of the red-shift multiplier N , first
identified in [9]. For the purposes of the energy calculations below, it
suffices to note that N is a future-directed, strictly timelike commutator
yielding a positive-definite energy
(84) ENξ (Σ˜τ ) :=
∫
Σ˜τ
JNa [ξ]η
a
Σ˜τ
for a symmetric traceless two-tensor ξ on the folation Σ˜τ . More specific
details on the red-shift multiplier are presented in Section 8.3. We also
make use of the initial energies
E0[ξ] :=
∑
(q)≤2
∫
{t=0}
JNa [K
(q)ξ]ηa,(85)
E1[ξ] :=
∑
(q)≤4
∫
{t=0}
(1 + r2∗)J
N
a [K
(q)ξ]ηa,(86)
E2[ξ] :=
∑
(q)≤6
∫
{t=0}
(1 + r2∗)J
N
a [K
(q)ξ]ηa,(87)
defined for the same ξ on the time slice {t = 0}. Note that the sum is
taken over multi-indices (q) of length q and less, over all Killing com-
mutators in K. Finally, we use | |g to denote the spacetime norm; we
remind the reader that the spacetime norm is positive-definite on the
relevant sphere bundles.
Analysis of the decoupled quantities P and Q(−) yields the following
decay estimates:
Theorem 11. Suppose P and Q are defined as in (66) and (67),
respectively, and satisfy the linearized vacuum Einstein equations (68)
and (69). Owing to the decoupling procedure above, P and Q(−) satisfy
the Regge-Wheeler type equations (71) and (74). Assume that P and Q
are smooth and compactly supported on {t = 0}, with support on ℓ ≥ 2.
Then we have the decay estimates
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|Q(−)|g ≤ C
√
E2[Q(−)]r
−1τ−1/2,
|Q(−)|g ≤ C
√
E2[Q(−)]τ
−1,
|P |g ≤ C
√
E2[P ]r
−1τ−1/2,
|P |g ≤ C
√
E2[P ]τ
−1,
on the family of hypersurfaces Σ˜τ (83).
Near the horizon, it is possible to apply the transverse direction Yˆ :=
1
1−µ(∂t− ∂r∗) as a commutator to obtain further decay estimates for P .
The multiplier is not Killing, but the error terms stemming from the
calculation
/L(−1)( /∇Yˆ P ) =
2(r −M)
r2
/∇Yˆ /∇Yˆ P −
4
r
/∇Yˆ /∇TP
+
2
r2
( /∇T − /∇Yˆ )P + (Yˆ W −
2
r
W )P.
(88)
are controllable, in much the same way as in Section 3.3.4 of [10]. As a
consequence, we have the following theorem:
Theorem 12. Suppose that P is a solution of (71), smooth and com-
pactly supported on {t = 0}, with support on ℓ ≥ 2. Fixing a sufficiently
small radius r1 (see the red-shift construction of Section 8.3), we have
the decay estimate
(89) sup
Σ˜τ∩{r≤r1}
| /∇Yˆ P |g ≤ C
(√
E2[P ] +
√
E2[ /∇Yˆ P ]
)
τ−1,
where Yˆ is the transverse direction (122).
Using the estimates of Theorem 11, we are also able to deduce point-
wise decay of the remaining component Qt. As these estimates arise
from a direct analysis of the linearized vacuum Einstein equations,
rather than that of a decoupled Regge-Wheeler type equation, we present
the details of the argument below. Throughout, we make use of nota-
tion arising in the vector-field multiplier method; we refer the reader to
Section 8 for further details.
Theorem 13. Suppose P and Q are defined as in (66) and (67),
respectively, and satisfy the linearized vacuum Einstein equations (68)
and (69). Assume, moreover, that P and Q are smooth and compactly
supported on {t = 0}, with support on ℓ ≥ 2. Then the component Qt
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satisfies the decay estimates
|Qt|g ≤ C
(√
E2[Q(−)] +
√
E2[P ]
)
r−1τ−1/2,
|Qt|g ≤ C
(√
E2[Q(−)] +
√
E2[P ]
)
τ−1.
(90)
Proof. Recall (69) and (70):
2δ̂Rαβ = ∇˜
AQαβA = 0,
ǫAB∇˜B
(
r−2QαβA
)
− 2r−3∇˚(αPβ) = 0.
Expanding and rewriting in terms of the projected covariant deriva-
tive /∇, we have the relations
/∇tQαβt = /∇r∗Qαβr∗ +
2∆
r3
Qαβr∗ ,(91)
/∇r∗Qαβt = /∇tQαβr∗ + 2
(
1−
2M
r
)
r−1 /∇(αPβ).(92)
Let ρ be a geodesic radial coordinate on Σ˜τ , normalized to ρ = 1 on
the horizon. Further, denote by ηΣ˜τ the unit normal vector of Σ˜τ .
Near the horizon,
∂
∂ρ
∼ −
2Mr
∆
∂t +
r2
∆
∂r∗ ,
ηΣ˜τ ∼
r2
∆
∂t −
2Mr
∆
∂r∗ ,
such that
/∇ρQαβt ∼ /∇ηΣ˜τ
Qαβr∗ −
4M
r2
Qαβr∗ + 2r
−1 /∇(αPβ),
| /∇ρQt|
2 ≤ C
(
| /∇ηΣ˜τ
Qr∗ |
2 + |Qr∗ |
2 + | /˜∇P |2
)
≤ C
(
JNa [Qr∗ ]η
a
Σ˜τ
+ JNa [P ]η
a
Σ˜τ
)
.
Near null infinity,
∂
∂ρ
∼
√
r2 + 1∂r + r∂t,
ηΣ˜τ ∼ r∂r +
√
r2 + 1∂t,
such that
/∇ρQαβt ∼ /∇ηΣ˜τ
Qαβr∗ + 2Qαβr∗ + 2 /∇(αPβ),∣∣ /∇ρQt∣∣2 ≤ C (| /∇ηΣ˜τQr∗|2 + |Qr∗ |2 + | /˜∇P |2)
≤ Cr(JNa [Qr∗ ]η
a
Σ˜τ
+ JNa [P ]η
a
Σ˜τ
).
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As the governing equations commute with the angular Killing fields
Ωi, the estimates above also hold for Ω
(q)Qt, Ω
(q)Qr∗, Ω
(q)P , with (q) a
multi-index of length q.
Integrating, we deduce the first decay estimate
|Qt| ≤
∫ ∞
1
| /∇ρQt|dρ ≤ C
(∫ ∞
1
| /∇ρQt|
2ρ2dρ
)1/2
≤C
(∫ ∞
1
dρ
∫
S2
dσρ2
(
| /∇ρQt|
2 + | /∇ρΩQt|
2 + | /∇ρΩ
2Qt|
2
))1/2
≤C
(∫
Σ˜τ
ρ2
r2
(| /∇ηΣ˜τ
Qr∗|
2 + |Qr∗ |
2 + | /˜∇P |2 + . . .)
)1/2
≤C
(√
E2[Qr∗ ] +
√
E2[P ]
)
τ−1,
where we have used the comparison r ∼ eρ near null infinity.
Regarding the second estimate, we restrict our attention to the region
r ≥ 3M , and write∫
S2(r)
|Qαβt|
2
gdσ˚ =
∫
S2(r)
r−4|Qαβt|
2
σ˚dσ˚
≤ C
∫
S2(r)
r−4|∇˚βQαβt|
2
σ˚dσ˚
= C
∫
S2(r)
r−2|∇˚βQαβt|
2
gdσ˚
≤ C
∫
S2(r)
r−2
(
r2| /∇rP |
2 + |P |2
)
dσ˚,
where we have used the equation (68). From |P |2 ≤ CE2[P ]r
−2τ−1
and commutation with T , we have | /∇t /∇tP |
2 ≤ CE2[T
2P ]r−2τ−1. The
vector field T is strictly timelike for r ≥ 3M , and the equation (71) gives
| /∆ΣtP |
2 ≤ C
(
E2[P ] + E2[T
2P ]
)
r−2τ−1, where Σt are the constant time
t-slices. This last estimate, together with |P |2 ≤ CE2[P ]r
−2τ−1, yields
a W 2,q estimate for P in a unit ball on Σt, for any 1 < q < ∞. Using
the Sobolev embedding W 2,q ⊂ C1 for q > 3, we can estimate the term
| /∇rP |
2 in the integral above, from which the estimate on Qt follows.
q.e.d.
Note that the quantities P , Q(−), and Qt also exhibit uniform decay in
energy, as well as uniform boundedness, both pointwise and energy; see
[17]. For the purposes of pulling back decay estimates at the linearized
metric level, it suffices to consider just the pointwise decay estimates
above.
6.6.2. The Regge-Wheeler Gauge. To derive decay estimates on
the linearized metric level, we impose the Regge-Wheeler gauge.
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Lemma 14. For any h2 of the co-closed form (34), there is a co-
vector G with πG of the co-closed form (49) such that h = h2 − πG
satisfies
hαβ = hˆαβ = 0.
Proof. Comparing the equations (34) and (49), we see that the co-
vector field G is easily constructible by the choice G2 =
1
2H2. Indeed,
such a choice exhausts our gauge freedom. q.e.d.
6.6.3. Decay of the Linearized Solution.With the imposition of
the Regge-Wheeler gauge, we are ready to prove the main theorem of
this section, on the decay of the co-closed solution. With the gauge-
normalized metric,
h = hAαdx
Adxα,
we prove decay of the linearized metric components in the following
sense. First we specify the frames {Yˆ A, TA} and {TA, rA} on the quo-
tient space Q, noting that the frames are regular near the event horizon
and away from the event horizon, respectively. Contracting with the
linearized metric, we prove decay for the quantities
Yˆ AhAα, T
AhAα, r
AhAα,
understood as co-vectors on the quotient spheres. We remind the reader
that the spacetime norm | |g is positive-definite on the sphere bundle in
question.
Theorem 15. Suppose h2 is a co-closed solution (34) of the linearized
vacuum Einstein equations (1), with support in ℓ ≥ 2. Further, assume
that h2 is smooth and compactly supported, with normalization
h = h2 − πG
in the Regge-Wheeler gauge. Then the linearized metric components of
the normalized solution h satisfy the spacetime decay estimates
sup
Σ˜τ
|rAhAα|g ≤ C
( ∑
(q)≤2
√
E2[Ω(q)Q(−)]
)
τ−1/2,
sup
Σ˜τ
|TAhAα|g ≤ C
( ∑
(q)≤2
(√
E2[Ω(q)Q(−)] +
√
E2[Ω(q)P ]
))
τ−1/2,
sup
Σ˜τ∩{r≤r1}
|Yˆ AhAα|g
≤ C
( ∑
(q)≤2
(√
E2[Ω(q)P ] +
√
E2[Ω(q) /∇Yˆ P ]
))
τ−1/2,
(93)
through the decay foliation (83).
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Moreover, in the radially compact region 2M ≤ r ≤ R0, we have the
improvement
sup
Σ˜τ∩{r≤R0}
|rAhAα|g ≤ C(R0)
( ∑
(q)≤2
√
E2[Ω(q)Q(−)]
)
τ−1,
sup
Σ˜τ∩{r≤R0}
|TAhAα|g
≤ C(R0)
( ∑
(q)≤2
(√
E2[Ω(q)Q(−)] +
√
E2[Ω(q)P ]
))
τ−1.
(94)
Proof. The normalized solution h = hAαdx
Adxα is related to the
gauge-invariant quantity QαβA (67) by
QαβAdx
αdxβdxA =
(
∇˚βhAα + ∇˚αhAβ
)
dxαdxβdxA.
We estimate
‖|rAhAα|g‖
2
L2(S2) =
∫
S2
|rAhAα|
2
g
≤ C
∫
S2
(
r−2σ˚αβ σ˚δγQ
(−)
αδ Q
(−)
βγ
)
≤ Cr2‖|Q(−)|g‖
2
L2(S2)
≤ C(E2[Q
(−)])τ−1,
where we have used a Poincare´ inequality on the sphere and Theorem 11
to absorb the large radial weight. A similar argument gives the estimate
‖|TAhAα|g‖
2
L2(S2) ≤ Cr
2‖|Qt|g‖
2
L2(S2) ≤ C(E2[Q
(−)] + E2[P ])τ
−1.
For the remaining quantity, we have
‖|Yˆ AhAα|g‖
2
L2(S2) ≤ Cr
2‖|Yˆ AQαβA|g‖
2
L2(S2),
as before. We then use the linearized equation (68) to relate Yˆ AQαβA
with /∇Yˆ Pα and Theorem 12 to deduce the decay estimate with r ≤ r1:
‖|Yˆ AhAα|g‖
2
L2(S2) ≤ C‖| /∇Yˆ Pα|g‖
2
L2(S2)
≤ C
(
E2[P ] + E2[ /∇Yˆ P ]
)
τ−2
Restricting to the radially compact region 2M ≤ r ≤ R0, we absorb
radial terms into the constant factor and apply Theorem 11 to deduce
‖|rAhAα|g‖
2
L2(S2) ≤ Cr
2‖|Q(−)|g‖
2
L2(S2) ≤ C(R0)(E2[Q
(−)])τ−2,
‖|TAhAα|g‖
2
L2(S2) ≤ C(R0)(E2[Q
(−)] + E2[P ])τ
−2.
Commuting with the angular Killing vector fields Ωi and applying
the Sobolev inequality on the sphere, we obtain the desired pointwise
bounds. q.e.d.
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7. Decoupling of the Zerilli-Moncrief Function
The remainder of the paper concerns the analysis of the closed so-
lution h1 (33) of δg
ℓ≥2, primarily accomplished by study of the Zerilli-
Moncrief function and the Zerilli equation. In this section, we define
the Moncrief-Zerilli function and the associated Zerilli equation, largely
following the treatment of Martel-Poisson [25].
To begin, we decompose the closed solution into spherical harmonics,
with the notation
hℓmAB = h˜
ℓm
ABY
ℓm,
HℓmA = H˜
ℓm
A Y
ℓm,
Hℓm = H˜ℓmY ℓm,
Hℓm2 = H˜
ℓm
2 Y
ℓm,
(95)
with h˜ℓmAB , H˜
ℓm
A , H˜
ℓm, and H˜ℓm2 all objects on the quotient space Q. The
spherical decomposition above is done in L2 on the spheres of symmetry,
so that, for example,
H2(t, r, θ, φ) =
∑
ℓ,m
Hℓm2 (t, r, θ, φ) =
∑
ℓ,m
H˜ℓm2 (t, r)Y
ℓm(θ, φ)
holds for each pair (t, r) in the sense of L2(S2).
Defining
(96) eℓmA := H˜
ℓm
A −
1
2
r2∇˜A(r
−2H˜ℓm2 ),
it is well-known that the quantities
k˜ℓmAB := h˜
ℓm
AB − ∇˜Ae
ℓm
B − ∇˜Be
ℓm
A ,
K˜ℓm := r−2H˜ℓm +
1
2
ℓ(ℓ+ 1)r−2H˜ℓm2 −
2
r
rAeℓmA ,
(97)
are gauge-invariant under gauge transformations of the closed form (48).
In terms of k˜ℓAB and K˜
ℓm, the gauge-invariant Zerilli-Moncrief func-
tion is defined by
(98) Z
(+)
ℓm :=
2r
ℓ(ℓ+ 1)
[
K˜ℓm +
2
Λ
(
rArBk˜ℓmAB − rr
A∇˜AK˜
ℓm
)]
,
where
(99) Λ := (ℓ− 1)(ℓ+ 2) +
6M
r
.
For the sake of simplicity, we often suppress m-dependence in the
spherical harmonics. Moreover, we encode ℓ-dependence with the short-
hand
(100) n :=
1
2
(ℓ− 1)(ℓ+ 2).
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In this notation, the Zerilli-Moncrief function satisfies the well-known
Zerilli equation
(101) ˜Z(+)n = V˜
(+)
n Z
(+)
n ,
with potential
(102)
V˜ (+)n :=
2
r3(nr + 3M)2
(
n2(n+ 1)r3 + 3Mn2r2 + 9M2nr + 9M3
)
.
See the thesis of Martel [24] for a derivation of the Zerilli equation for
Z
(+)
n .
Rescaling, we define an associated spacetime symmetric traceless two-
tensor
(103) Q(+)nm :=
(
rZ(+)nm
)
Y ℓmαβ dx
αdxβ.
Applying (17), Q
(+)
n is seen to satisfy the space-time Zerilli equation
(104) /L(−2)Q
(+)
n = V
(+)
n Q
(+)
n ,
where
(105)
V (+)n :=
2
r2(nr + 3M)2
(
2n2r2 − 2n(2n− 3)Mr − 3(2n − 3)M2
)
.
Note that V
(+)
n → V (−), the Regge-Wheeler potential (74), asymptoti-
cally with increasing harmonic number.
This second-order equation on Q
(+)
n , valid for all higher modes ℓ ≥ 2,
is our primary tool in analyzing the closed solution.
7.0.1. Master Quantity in the Closed Portion. It is possible to
rewrite the master quantity (103) for the closed portion in a way that is
independent of the harmonic number. Let h1 be a closed solution (33),
and consider
eA := HA −
1
2
r2∇˜A(r
−2H2),
and
kAB := hAB − ∇˜AeB − ∇˜BeA,
K := r−2H −
1
2
r−2∆˚H2 −
2
r
rAeA.
In terms of kAB and K, we consider the following gauge-invariant and
harmonic-independent quantity
(106) rK + 2rΛ−1
(
rArBkAB − rr
A∇˜AK
)
,
where Λ−1 = (−∆˚ − 2 + 6Mr )
−1 is interpreted as an integral operator:
for functions with higher angular mode ℓ ≥ 2, the operator −∆˚ − 2 is
positive and invertible.
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The quantity (106) satisfies the Zerilli equation (101). Decay esti-
mates are obtained after recasting the quantity (103), as in Section 6.4.
8. Analysis of Q
(+)
n
In what follows, we produce decay estimates for the Q
(+)
n , using the
familiar vector field multiplier method. See also the work of Johnson
[18].
8.1. The Stress-Energy Formalism. Associated with our wave equa-
tion is the stress-energy tensor:
Tab[Q
(+)
n ] := /∇aQ
(+)
n · /∇bQ
(+)
n
−
1
2
gab
(
/∇
c
Q(+)n · /∇cQ
(+)
n + V
(+)
n |Q
(+)
n |
2
)
,
(107)
where we emphasize that
/∇aQ
(+)
n · /∇bQ
(+)
n = g
αβgγδ( /∇aQ
(+)
n )αγ( /∇bQ
(+)
n )βδ,
|Q(+)n |
2 = gαβgγδQ(+)nαγQ
(+)
nβδ,
and
/∇
c
Q(+)n · /∇cQ
(+)
n = g
abgαβgγδ( /∇aQ
(+)
n )αγ( /∇bQ
(+)
n )βδ,
= /∇
A
Q(+)n · /∇AQ
(+)
n + | /˜∇Q
(+)
n |
2,
with the notation
(108) | /˜∇Q(+)n |
2 = gηνgαβgγδ( /∇ηQ
(+)
n )αγ( /∇νQ
(+)
n )βδ
for the angular gradient.
Applying a vector field multiplier Xb, we define the energy current
(109) JXa [Q
(+)
n ] := Tab[Q
(+)
n ]X
b
and the density
(110) KX [Q(+)n ] := ∇
aJXa [Q
(+)
n ] = ∇
a(Tab[Q
(+)
n ]X
b).
As well, we will have occasion to use the weighted energy current
(111) JX,ω
X
a [Q
(+)
n ] := J
X
a [Q
(+)
n ] +
1
4
ωX∇a|Q
(+)
n |
2 −
1
4
∇aω
X |Q(+)n |
2,
with weighted density
(112) KX,ω
X
[Q(+)n ] := K
X [Q(+)n ] +
1
4
ωX|Q(+)n |
2 −
1
4
ωX |Q(+)n |
2,
for a suitable scalar weight-function ωX .
The current JXa [Q
(+)
n ] and density KX [Q
(+)
n ] serve as a convenient
notation to express the spacetime Stokes’ theorem
(113)
∫
∂D
JXa [Q
(+)
n ]η
a =
∫
D
KX [Q(+)n ].
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Likewise,
(114)
∫
∂D
JX,ω
X
a [Q
(+)
n ]η
a =
∫
D
KX,ω
X
[Q(+)n ].
The stress-energy tensor Tab[Q
(+)
n ] defined above has non-trivial di-
vergence
(115) ∇aTab[Q
(+)
n ] = −
1
2
∇bV
(+)
n |Q
(+)
n |
2 + /∇
a
Q(+)n [ /∇a, /∇b]Q
(+)
n ,
where we note crucially that the commutator [ /∇a, /∇b] vanishes when
contracted with a multiplier invariant under the angular Killing fields
Ωi. In particular, all such multipliers considered in the analysis below
have this property.
Finally, we note that, as symmetric traceless two-tensors, the Q
(+)
n
satisfy the Poincare´ inequality
(116)
∫
S2(r)
| /˜∇Q(+)n |
2 ≥
2
r2
∫
S2(r)
|Q(+)n |
2,
owing to the spectrum of the associated spherical Laplacian (42).
8.2. Degenerate T -energy. The Killing multiplier T = ∂t is a natural
starting point in our analysis. Integrating over the spacetime region
bounded by time slices {t = τ ′} and {t = τ}, we obtain the expected
conservation law∫
{t=τ}
JTa [Q
(+)
n ]η
a =
∫
{t=τ ′}
JTa [Q
(+)
n ]η
a,
with ηa being the appropriate unit normal.
Defining the T -energy by
(117) ET
Q
(+)
n
(τ) :=
∫
{t=τ}
JTa [Q
(+)
n ]η
a,
our conservation law is nothing more than the statement
(118) ET
Q
(+)
n
(τ) = ET
Q
(+)
n
(τ ′)
for all τ and τ ′.
As the potentials V
(+)
n are positive on the exterior region, the T -
energy above is non-negative, degenerating at the event horizon.
8.3. Red Shift Multiplier. The red shift multiplier N , introduced by
Dafermos and Rodnianski [9], provides a non-degenerate energy. We
recall the details below.
It’s convenient to work with the coordinate (v,R, θ, φ), where R = r
as a function but we use different notation to indicate their coordinate
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vector fields are different. Consider a vector field Y defined on H+ by
Y
∣∣∣
r=2M
:= −2
∂
∂R
,
∇Y Y
∣∣∣
r=2M
:= −σ(T + Y ),
(119)
for some σ > 0 to be determined. We have at that r = 2M and under
the (v,R, θ, φ) coordinate,
∇(aY b) =

σ
8 −
σ
4 0 0
−σ4
1
2M 0 0
0 0 − 1
4M3
0
0 0 0 − 1
4M3 sin2 θ
 ,
∇aY
a = −σ −
2
M
.
Therefore on the horizon H+, we have
KY [Q(+)n ]
= ∇aTab[Q
(+)
n ]Y
b + Tab[Q
(+)
n ]∇
aY b
=
σ
8
| /∇vQ
(+)
n |
2 +
1
2M
| /∇RQ
(+)
n |
2 +
1
M
/∇vQ
(+)
n · /∇RQ
(+)
n
+
σ
2
| /˜∇Q(+)n |
2 +
(
−
1
2
(∇Y V
(+)
n ) +
1
2
(
σ +
2
M
)
V (+)n
)
|Q(+)n |
2
(120)
Save for the lowest harmonic n = 2, the potentials V
(+)
n are radially
increasing functions near the event horizon, and give a positive first
term in the Y -density above. We are able to choose σ large, to account
also for the lowest harmonic n = 2, such that the estimate
(121) KT+Y [Q(+)n ] = K
Y [Q(+)n ] ≥ cTab[Q
(+)
n ](T + Y )
a(T + Y )b,
holds on the horizon and for c a uniform positive constant.
By extending Y smoothly to the exterior region such that Y is non-
spacelike and Y = 0 as r ≥ R1, we obtain
KN [Q(+)n ] ≥ cJ
N
a [Q
(+)
n ]N
a for 2M ≤ r ≤ r1,
JNa [Q
(+)
n ]T
a ∼ JTa [Q
(+)
n ]T
a for r1 ≤ r ≤ R1,
|KN [Q(+)n ]| ≤ C|J
T
a [Q
(+)
n ]T
a| for r1 ≤ r ≤ R1,
N = T for r ≥ R1,
for some fixed r1 ∈ (2M,R1) from a continuity argument. More con-
cretely, we can define Y by first specifying
(122) Yˆ :=
1
1− µ
∂u =
1
1− µ
(∂t − ∂r∗).
The extension of Y takes the form
(123) Y = f1(r)Yˆ + f2(r)T,
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where f1(r) and f2(r) are non-negative functions with f1(2M) = 2, f2(2M) =
0, f ′1(2M) = σ, f
′
2(2M) =
σ
2 and f1(r) = f2(r) = 0 for r ≥ R1.
8.4. The Morawetz Multiplier X. Following Morawetz [29], we let
X = f(r)∂r∗, with f a general radial function, and denote by ω
X a
general weight function. Combining the two, we have the weighted
energy current
(124) JX,ω
X
a [Q
(+)
n ] := J
X
a [Q
(+)
n ] +
1
4
ωX∇a|Q
(+)
n |
2 −
1
4
∇aω
X |Q(+)n |
2,
and the weighted density
(125) KX,ω
X
[Q(+)n ] := K
X [Q(+)n ] +
1
4
ωX|Q(+)n |
2 −
1
4
ωX |Q(+)n |
2.
Using the notation ( )′ to denote differentiation by the Regge-Wheeler
coordinate r∗, we calculate the unweighted density to be
KX [Q(+)n ] = f
′| /∇r∗Q
(+)
n |
2 +
f
r
(
1−
3M
r
)
| /˜∇Q(+)n |
2
+
[
1
2
(∂rµ)fV
(+)
n −
1
2
fV (+)
′
n
]
|Q(+)n |
2
−
1
4
(
f ′ + 2f
1− µ
r
)
|Q(+)n |
2,
(126)
where we have used the identity
(127) |Q(+)n |
2 = 2V (+)n |Q
(+)
n |
2 + 2 /∇
c
Q(+)n · /∇cQ
(+)
n .
Inserting the weight function
(128) ωX := f ′ + 2f
1− µ
r
,
we calculate the weighted density
KX,ω
X
[Q(+)n ] =f
′| /∇r∗Q
(+)
n |
2 +
f
r
(
1−
3M
r
)
| /˜∇Q(+)n |
2
+
[
1
2
(∂rµ)fV
(+)
n −
1
2
fV (+)
′
n −
1
4
ωX
]
|Q(+)n |
2.
(129)
As in the earlier co-closed analysis of [17], we utilize the Holzegel
multiplier, with
(130) f :=
(
1−
3M
r
)(
1 +
M
r
)2
.
We calculate
(131) f ′ =
M
r2
(
1 +
M
r
)(
1 +
9M
r
)
(1− µ),
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so that the radial and angular terms in (129) above have non-negative
sign. The more complicated portion amounts to
1
2r8(3M + nr)3
(
− 4050M8 − 162M7(−24 + 29n)r
− 54M6(−24 − 56n+ 37n2)r2 − 18M5(51− 80n − 26n2 + 19n3)r3
−M4(243 + 630n − 636n2 + 68n3)r4
+M3(108− 315n − 6n2 + 152n3)r5
+M2n(108− 165n + 46n2)r6 +M(36 − 49n)n2r7 + 8n3r8
)
,
(132)
a positive quantity save for a spatially compact region away from the
photon sphere r = 3M .
Integrating over the spherically symmetric spacetime region bounded
by time slices {t = τ ′} and {t = τ} and borrowing from the angular
term via the Poincare´ inequality (116), we have a base term
1
2r8(3M + nr)3
(
− 4050M8 − 162M7(−30 + 29n)r
− 54M6(−48− 74n+ 37n2)r2 − 18M5(63 − 152n − 44n2 + 19n3)r3
−M4(675 + 846n − 1068n2 + 32n3)r4
+M3(216 − 747n − 78n2 + 200n3)r5
+M2n(216− 309n + 38n2)r6 +M(72− 65n)n2r7 + 12n3r8
)
,
(133)
positive for each harmonic. Indeed, we obtain a uniform estimate
(134)
∫
{τ ′≤t≤τ}
1
r3
|Q(+)n |
2 +
1
r2
| /∇r∗Q
(+)
n |
2 ≤ C
∫
{τ ′≤t≤τ}
KX,ω
X
[Q(+)n ],
with C a constant independent of the harmonic number.
To complete the estimate, we control the boundary terms with our
degenerate T -energy ET
Q
(+)
n
(τ). It suffices to estimate each of the pieces
of the weighted energy current
JX,ω
X
a [Q
(+)
n ] := J
X
a [Q
(+)
n ] +
1
4
ωX∇a|Q
(+)
n |
2 −
1
4
∇aω
X |Q(+)n |
2.
Noting that ηa = (1− µ)−1/2∂t, we compute
JXa [Q
(+)
n ]η
a = f(1−µ)−1/2 /∇tQ
(+)
n · /∇r∗Q
(+)
n = f(1−µ)
1/2 /∇tQ
(+)
n · /∇rQ
(+)
n ,
such that∣∣∣ ∫
{t=τ}
JXa [Q
(+)
n ]η
a
∣∣∣ ≤ C ∫
{t=τ}
[
| /∇tQ
(+)
n |
2 + (1− µ)| /∇rQ
(+)
n |
2
]
≤ CET
Q
(+)
n
(τ),
where we have used uniform boundedness of f .
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For the second term, direct computation gives
1
4
ωX∇a|Q
(+)
n |
2ηa =
2r2 − 3Mr + 3M2
2r3
(
1 +
M
r
)
(1−µ)1/2 /∇tQ
(+)
n ·Q
(+)
n .
Applying Young’s inequality, we deduce∣∣∣ ∫
{t=τ}
1
4
ωX∇a|Q
(+)
n |
2ηa
∣∣∣ ≤ CET
Q
(+)
n
(τ),
with C a universal constant.
As ωX is purely radial, the third term in the weighted density vanishes
upon contraction. Putting it all together, we bound the weighted energy
flux by the initial T -energy; that is,
(135)
∣∣∣ ∫
{t=τ}
JX,ω
X
a [Q
(+)
n ]η
a
∣∣∣ ≤ CET
Q
(+)
n
(τ) = CET
Q
(+)
n
(τ ′),
utilizing as well conservation of the T -energy.
Applying Stokes’ theorem, we obtain the following integrated decay
estimate
∫
{τ ′≤t≤τ}
[
1
r2
| /∇r∗Q
(+)
n |
2 +
1
r3
|Q(+)n |
2
]
≤ C
∫
{τ ′≤t≤τ}
KX,ω
X
[Q(+)n ] ≤ C
∫
{t=τ ′}
JTa [Q
(+)
n ]η
a = CET
Q
(+)
n
(τ ′),
(136)
with C a universal constant.
8.5. The Quasi-conformal Multiplier Z. The multiplier we make
use of is the analog of the Minkowskian conformal Killing field Z [28],
defined to be
(137) Z := u2∂u + v
2∂v =
1
2
(t2 + r2∗)∂t + tr∗∂r∗ ,
in either the Eddington-Finkelstein or Regge-Wheeler coordinates. Note
that we use the coordinate normalization (9) for r∗.
We define the Z-energy on time-slices {t = τ} by
(138) EZ
Q
(+)
n
(τ) :=
∫
{t=τ}
JZa [Q
(+)
n ]η
a.
Using the identity (127), we compute
KZ [Q(+)n ] = t
(
−1−
µr∗
2r
+
r∗(1− µ)
r
)
| /˜∇Q(+)n |
2
−
tr∗
2r
(1− µ)|Q(+)n |
2 +
( tr∗
r
(1− µ)V (+)n −
1
2
V (+)n ∇aZ
a
−
1
2
Za∇aV
(+)
n
)
|Q(+)n |
2,
(139)
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with the explicit calculations
∇aZ
a = t(2 +
r∗
r
(2− µ)),
Za∇aV
(+)
n = tr∗∂r∗V
(+)
n .
As with the X multiplier, we apply integration by parts, encoded by
a weight function ωZ , to swap the d’Alembertian. With weight function
(140) ωZ =
2tr∗
r
(1− µ),
we calculate the weighted density
KZ,ω
Z
[Q(+)n ] = t
(
−1−
µr∗
2r
+
r∗(1− µ)
r
)
| /˜∇Q(+)n |
2
−
1
4
ωZ |Q(+)n |
2 + t
(r∗
r
(1− µ)V (+)n
−
1
2
V (+)n (2 +
r∗
r
(2− µ))−
1
2
r∗∂r∗V
(+)
n
)
|Q(+)n |
2
(141)
The first two terms have coefficients independent of the harmonic
number, and are well known to be positive near the event horizon and
near infinity. For the third term, we calculate
r∗
r
(1− µ)V (+)n −
1
2
V (+)n (2 +
r∗
r
(2− µ))−
1
2
r∗∂r∗V
(+)
n
=
2M
r4(nr + 3M)3
(
243M4 − 162M4n− 162M3r + 351M3nr
− 162M3n2r − 162M2nr2 + 198M2n2r2 − 48M2n3r2
− 57Mn2r3 + 52Mn3r3 − 3n2r4 − 14n3r4
+ 2 ln(
r − 2M
M
)
(
27M4(−3 + 2n) + 9M3(3− 11n+ 6n2)r
+M2n(27− 48n + 16n2)r2 + 3M(3 − 4n)n2r3 + 2n3r4
))
.
(142)
Note that the behavior of this quantity near the event horizon and near
infinity is dominated by the logarithmic term, yielding positivity of the
quantity in both regimes. We are able to choose radii 2M < r2 < R2 <
∞ yielding the uniform control
KZ,ω
Z
[Q(+)n ] ≥ 0 as r ≤ r2 or r ≥ R2,∣∣∣KZ,ωZ [Q(+)n ]∣∣∣ ≤ Ct(|Q(+)n |2 + | /∇Q(+)n |2) as r2 ≤ r ≤ R2.(143)
With this and the integrated decay estimate for X in hand, we utilize
the bootstrap scheme of Dafermos and Rodnianski [9] to obtain decay
estimates for the Q
(+)
n , collected below.
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8.6. Estimates for Q
(+)
n . In this subsection we collect various esti-
mates following from the vector field multiplier analysis above. Al-
though there are a variety of boundedness and decay estimates, we
present only those relevant for our purposes.
First, we remind the reader of the relevant notation. Decay is ex-
pressed with respect to the foliation of smooth spacelike hypersurfaces
Σ˜τ (83), characterized by
τ = t+ 2M log(r − 2M) + c0, for r ≤ 3M,
= t−
√
r2 + 1 + c1, for r ≥ 20M,
with the specification in the spatially precompact region 3M < r < 20M
and the choice of constants c0 and c1 made in such a way that u, v ≥ τ
on Σ˜τ .
Further, we consider the N -energy on Σ˜τ (84)
EN
Q
(+)
n
(Σ˜τ ) :=
∫
Σ˜τ
JNa [Q
(+)
n ]η
a
Σ˜τ
and the initial energies (85, 86, 87)
E0[Q
(+)
n ] :=
∑
(q)≤2
∫
{t=0}
JNa [K
(q)Q(+)n ]η
a,
E1[Q
(+)
n ] :=
∑
(q)≤4
∫
{t=0}
(1 + r2∗)J
N
a [K
(q)Q(+)n ]η
a,
E2[Q
(+)
n ] :=
∑
(q)≤6
∫
{t=0}
(1 + r2∗)J
N
a [K
(q)Q(+)n ]η
a,
where the sum is taken over multi-indices (q) of length q and less, over
all Killing commutators K.
Theorem 16. Suppose Q
(+)
n is a solution of (104), smooth and com-
pactly supported at {t = 0}. Further, assume that Q
(+)
n is supported on
the harmonic associated with n (100). Then the Z-energy of Q
(+)
n (138)
satisfies the uniform bound
(144) EZ
Q
(+)
n
(τ) ≤ CE0[Q
(+)
n ].
Moreover, Q
(+)
n satisfies the uniform N -energy estimate
(145) EN
Q
(+)
n
(Σ˜τ ) ≤ CE1[Q
(+)
n ]τ
−2,
and the uniform decay estimate
(146) sup
Σ˜τ
|Q(+)n | ≤ C
√
E2[Q
(+)
n ]τ
−1.
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on the family of hypersurfaces Σ˜τ specified. Note that the constant C
can be regarded as universal, i.e. independent of harmonic number.
In the interests of simplifying the metric-level decay estimates to
come, we find it convenient to define the symmetric traceless two-tensor
Q(+) by specifying Q(+) := Q
(+)
nm at the harmonic pair (n,m). Summing
the energy estimates above in L2(S2), we have associated estimates for
Q(+).
9. Analysis of the Closed Solution
With the estimates in place for the gauge-invariant Zerilli-Moncrief
function Z
(+)
n , equivalently Q
(+)
n , we complete the analysis of the closed
solution by imposing the Chandrasekhar gauge, in which we prove decay
estimates on the linearized metric coefficients of the closed solution.
The analysis amounts to rewriting of these coefficients in terms of the
Z
(+)
n and applying the decay estimates of the previous section. At the
outset, we assume that our closed solution h1 is smooth and compactly
supported away from the bifurcation sphere on the {t = 0} time-slice.
9.1. The Chandrasekhar Gauge.We begin by defining a constraint
operator L that is related to this gauge condition.
Definition 17. Suppose a symmetric two-tensor h1 on Schwarzschild
is of the closed form (33). The constraint operator L on such a sym-
metric two-tensor is defined by
(147) L(h1) =
1
2
∆˚H2 +H2 −H − (r
2 − 2Mr)h11.
Lemma 18. For any h∗ of the closed form (33), there is a co-vector
X of the form (47) such that h = h∗ − πX is still of closed form (33)
and satisfies
h01 = 0 = HA,
and the initial gauge condition L(h) = 0 at t = 0.
Fixing radii 2M < r0 < R0 < ∞, if h
∗ is supported away from the
bifurcation sphere at {t = 0}, say in the radial region r0 < r < R0, there
exist co-vector fields XI and XII giving the same reduction and initial
condition above, with h∗−πI supported away from the bifurcation sphere
in the interval r0 < r < ∞ and h
∗ − πII supported away from spatial
infinity in the interval 2M < r < R0 at t = 0.
Proof. Let X = GAdx
A + (∇˚αG2)dx
α. It follows from (48) that πX
and h = h∗ − πX are both of closed form. We deal with the equation
HA = 0 first. From (47) we deduce that GA is determined by ∇˜AG2 −
2(r−1∂Ar)G2 +GA = H
∗
A, or
G0 = H
∗
0 − ∂tG2
G1 = H
∗
1 − ∂rG2 + 2r
−1G2.
(148)
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The equation h01 = 0 is equivalent to
∂tG1 + ∂rG0 − 2Γ
0
10G0 = h
∗
01.
Plugging the expressions for GA from (148), we deduce that
2∂t(−∂rG2 + r
−1G2 + Γ
0
10G2) = h
∗
01 − ∂tH
∗
1 − ∂rH
∗
0 + 2Γ
0
10H
∗
0 ,
or
− 2∂t[r
1/2(r − 2M)1/2∂r(r
−1/2(r − 2M)−1/2G2)]
= h∗01 − ∂tH
∗
1 − ∂rH
∗
0 + 2Γ
0
10H
∗
0 .
(149)
This is a hyperbolic equation for G2 which can be solved by integrating,
subject to suitable initial and boundary conditions.
Rewriting the last component of πX , we derive
L(πX) = 2G2 − 2r(∂
Ar)GA − 2(r
2 − 2Mr)(∂rG1 − Γ
1
11G1)
= 2G2 − 2(r −M)G1 − 2(r
2 − 2Mr)∂rG1.
Plugging in (148), we obtain:
L(πX) = 2
(
r2 − 2Mr
)
∂2rG2 − 2 (r − 3M ) ∂rG2 + 2
(
1−
2M
r
)
G2
− 2(r −M)H∗1 − 2(r
2 − 2Mr)∂rH
∗
1
= 2r2∂r[r
−1/2(r − 2M)3/2∂r(r
−1/2(r − 2M)−1/2G2)]
− 2(r −M)H∗1 − 2(r
2 − 2Mr)∂rH
∗
1 .
It suffices to solve the equation
L(πX) = L(h
∗) =
1
2
∆˚H∗2 +H
∗
2 −H
∗ − (r2 − 2Mr)h∗11,
or
2r2∂r[r
−1/2(r − 2M)3/2∂r(r
−1/2(r − 2M)−1/2G2)]
= 2(r −M)H∗1 + 2(r
2 − 2Mr)∂rH
∗
1 +
1
2
∆˚H∗2
+H∗2 −H
∗ − (r2 − 2Mr)h∗11
(150)
on the t = 0 slice, regarded as a second order inhomogeneous ODE for
G2. Integrating the equation from either the event horizon or spatial
infinity, we can determine mutually exclusive solutions corresponding to
the co-vector fieldsXI andXII, with support in large radii ( r0 < r <∞)
and small radii (2M < r < R0) at t = 0, respectively.
The ambiguity of G2, and hence of the Chandrasekhar gauge, consists
of solutions of the hyperbolic equation
(151) ∂t[r
1/2(r − 2M)1/2∂r(r
−1/2(r − 2M)−1/2G2)] = 0,
with the initial condition
(152) ∂r[r
−1/2(r − 2M)3/2∂r(r
−1/2(r − 2M)−1/2G2)] = 0
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at t = 0. The general solution of this second order ODE is of the explicit
form:
(153) c1r
1/2(r − 2M)1/2
∫ r
A
s1/2(s− 2M)−3/2ds+ c2r
1/2(r − 2M)1/2,
for c1 = c1(θ, φ), c2 = c2(t, θ, φ) and constant A > 2M . By choosing
particular solutions corresponding to either of the co-vectors XI or XII,
we can resolve this ambiguity by taking the zero solution to the homo-
geneous equation (152). We define the associated normalized solutions
by
hI := h
∗ − πI,(154)
hII := h
∗ − πII.(155)
q.e.d.
Definition 19. A symmetric two-tensor h1 on Schwarzschild is said
to be in the Chandrasekhar gauge if h1 takes the form
(156) h1 = h00(dt)
2+h11(dr)
2+(Hσ˚αβ+∇˚α∇˚βH2−
1
2
σ˚αβ∆˚H2)dx
αdxβ
and 12∆˚H2 +H2 −H − (r
2 − 2Mr)h11 = 0 at t = 0.
The previous lemma tells us that we can always reduce a closed so-
lution to Chandrasekhar gauge. Of particular interest are the normal-
izations hI and hII, with support away from the bifurcation sphere and
away from spatial infinity at t = 0, respectively.
9.2. The Linearized Einstein Equations in Chandrasekhar Gauge.
Subsequently, we will assume a Chandrasekhar gauge has been imposed,
with smooth linearized metric coefficients. Following Chandrasekhar’s
account [5], we use a modified Friedman substitution, defining
N := −
1
2
(
1−
2M
r
)−1
h00,
L :=
1
2
(
1−
2M
r
)
h11,
T :=
1
2r2
H,
V :=
1
2r2
H2.
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Decomposing into spherical harmonics (95), the closed solution takes
the form
N ℓm := −
1
2
(
1−
2M
r
)−1
h˜ℓm00 ,
Lℓm :=
1
2
(
1−
2M
r
)
h˜ℓm11 ,
T ℓm :=
1
2r2
H˜ℓm,
V ℓm :=
1
2r2
H˜ℓm2 ,
(158)
defined as functions on the quotient space Q.
With our gauge fixing and harmonic decomposition, the behavior of
the closed solution is contained in the four quotient functionsN ℓm, Lℓm, T ℓm,
and V ℓm. Subsequently, we will suppress the harmonic dependence in
the four functions, using simply N,L, T, and V .
Rewriting the Ricci equations in terms of Friedman substitution (157),
δR0α = 0 :
(159) Lt +
1
2
(ℓ+ 2)(ℓ− 1)Vt + Tt = 0,
δR01 = 0 :
(160) −
2Lt
r
+
2(r − 3M)
r(r − 2M)
Tt + 2Ttr = 0,
δR1α = 0 :
(161)
r −M
r(r − 2M)
L+
r − 3M
r(r − 2M)
N −Nr −
1
2
(ℓ+ 2)(ℓ− 1)Vr − Tr = 0,
δG11 = 0 :
−
2
r(r − 2M)
L−
ℓ(ℓ+ 1)
r(r − 2M)
N −
ℓ(ℓ+ 1)(ℓ+ 2)(ℓ− 1)
2r(r − 2M)
V
−
(ℓ+ 2)(ℓ − 1)
r(r − 2M)
T +
2
r
Nr +
2(r −M)
r(r − 2M)
Tr −
2r
(r − 2M)2
Ttt = 0,
(162)
δR00 = 0 :
−
ℓ(ℓ+ 1)(r − 2M)
r3
N +
M(r − 2M)
r3
Lr +
(r − 2M)(2r −M)
r3
Nr
+
2M(r − 2M)
r3
Tr +
(r − 2M)2
r2
Nrr − Ltt + 2Ttt = 0,
(163)
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δRαβ σ˚
αβ = 0 :
ℓ2 + ℓ+ 4
2
L+
1
2
ℓ(ℓ+ 1)N +
1
2
ℓ(ℓ+ 1)(ℓ+ 2)(ℓ− 1)V
+ (ℓ+ 2)(ℓ − 1)T + (r − 2M)Lr − (r − 2M)Nr − 2(2r − 3M)Tr
− r2(r − 2M)Trr +
r3
r − 2M
Ttt = 0,
(164)
δ̂Rαβ = 0 :
−(L+N)− 2(r −M)Vr − r(r − 2M)Vrr +
r2
r − 2M
Vtt = 0.(165)
Proposition 20. Suppose h is a closed solution of the linearized vac-
uum Einstein equations, smooth and compactly supported away from the
bifurcation sphere at {t = 0}. For the normalizations hI and hII defined
above (154,155), expressed in the Friedman substitution, the following
equations hold:
L+
1
2
(ℓ+ 2)(ℓ− 1)V + T = 0,(166)
Tr = −
(ℓ+ 2)(ℓ − 1)
2r
V −
2r − 5M
r(r − 2M)
T.(167)
Proof. The equation (159) and the initial constraint L(h) = 0 at t = 0
yield (166):
(168) L+
1
2
(ℓ+ 2)(ℓ − 1)V + T = 0.
Integrating (160) and substituting via (168), we deduce
(169) Tr = −
(ℓ+ 2)(ℓ− 1)
2r
V −
2r − 5M
r(r − 2M)
T +
1
2
R2(r),
with R2 an as yet unspecified radial function.
Rewriting (162) and (161) respectively, we obtain
Nr =
ℓ(ℓ+ 1)
2(r − 2M)
N +
(ℓ+ 2)(ℓ − 1)(ℓ(ℓ + 1)r − 2M)
4r(r − 2M)
V
+
ℓ(ℓ+ 1)r2 − 2(ℓ2 + ℓ+ 3)Mr + 10M2
2r(r − 2M)2
T +
r3
(r − 2M)2
Ttt
+
r −M
2(r − 2M)
R2(r),
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(ℓ+ 2)(ℓ − 1)Vr =−
(ℓ+ 2)(ℓ− 1)r + 6M
r(r − 2M)
N −
(ℓ(ℓ+ 1)(ℓ + 2)(ℓ− 1))
2(r − 2M)
V
+
−(ℓ+ 2)(ℓ − 1)r2 + 2(ℓ2 + ℓ− 3)Mr + 6M2
r(r − 2M)2
T
−
2r3
(r − 2M)2
Ttt −
M
r − 2M
R2(r).
Assuming these four equations, each of the last three equations (163),
(164), (165) is equivalent to
(170)
(r − 2M)
2
R2,r +
(r −M)
r
R2 = 0.
Analysis of the radial ODE (170) and our assumption of support in
large radii (hI) or small radii (hII) yield R2(r) = 0. q.e.d.
We have arrived at a situation analogous to that in Chandrasekhar [5];
namely, we have the two equations (166) and (167), together with
Nr =
ℓ(ℓ+ 1)
2(r − 2M)
N +
(ℓ+ 2)(ℓ− 1)(ℓ(ℓ + 1)r − 2M)
4r(r − 2M)
V
+
ℓ(ℓ+ 1)r2 − 2(ℓ2 + ℓ+ 3)Mr + 10M2
2r(r − 2M)2
T +
r3
(r − 2M)2
Ttt,
(171)
(ℓ+ 2)(ℓ− 1)Vr = −
(ℓ+ 2)(ℓ− 1)r + 6M
r(r − 2M)
N
+
−(ℓ+ 2)(ℓ− 1)r2 + 2(ℓ2 + ℓ− 3)Mr + 6M2
r(r − 2M)2
T
−
2r3
(r − 2M)2
Ttt −
(ℓ(ℓ+ 1)(ℓ+ 2)(ℓ− 1))
2(r − 2M)
V.
(172)
Lemma 21. For either of the normalized solutions hI and hII, the
Zerilli-Moncrief function (98) takes the form
(173) Z(+) = rV +
r2
nr + 3M
T.
Proof. We recall the definition of Z(+) (omitting the ℓm index)
(174) Z(+) :=
2r
ℓ(ℓ+ 1)
[
K˜ +
2
Λ
(
rArBk˜AB − rr
A∇˜AK˜
)]
.
In the Chandrasekhar gauge, K˜ and rArBk˜AB can be expressed in terms
of L, T, V in (157), in particular:
K˜ = 2T + ℓ(ℓ+ 1)V + 2(r − 2M)Vr,
and
rArBk˜AB = 2(1−
2M
r
)L+ 2(1−
2M
r
)2[∂r(r
2Vr) +
Mr
r − 2M
Vr].
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Plugging these in the expression of Z(+), one checks that all Vrr and
Vr terms are cancelled, while L and Tr can be substituted using (166)
and (167), respectively. Collecting the coefficients of V and T , we arrive
at (173). q.e.d.
Indeed, the decoupling of Z(+) can be verified directly using the equa-
tions above; see Chandrasekhar [5].
9.3. Metric Coefficients in Terms of Z(+). Briefly, we describe the
procedure for extending our decay estimates to the linearized metric
coefficients. At the outset, we assume that our closed solution h1 is
smooth and compactly supported away from the bifurcation sphere on
the time-slice {t = 0}. Choosing gauge co-vectors XI and XII so that
the normalized solutions hI (154) and hII (155) are supported away from
the bifurcation sphere and spatial infinity on the time slice {t = 0},
respectively, we are able to show decay of the resulting closed solutions
in certain radial regimes. Taking an interpolation of the two gauge
choices, it remains to consider a compact radial region, wherein we lose
our diagonalization but are nontheless able to estimate the solution.
In expressing the metric-level quantities N,L, T, and V in terms of
Z(+), we find it useful to introduce the quantities
(175) ΦnmI (t, r) := n
√
1−
2M
r
∫ r
2M
Z
(+)
nm (t, r′)√
1− 2Mr′ (nr
′ + 3M)
dr′,
(176) ΦnmII (t, r) := −n
√
1−
2M
r
∫ ∞
r
Z
(+)
nm (t, r′)√
1− 2Mr′ (nr
′ + 3M)
dr′.
In what follows, we continue our convention of suppressing harmonic
dependence. As mentioned above, we can choose a co-vector field XI in
such a way that the normalized solution hI is supported away from the
bifurcation sphere at t = 0. For such a solution, the following pullback
argument applies.
Using the expression for Z(+) in the Chandrasekhar gauge (173), we
can rewrite the equation (167) as an equation in T and Z(+). Integrat-
ing, we find
(177) T (t, r) = −
1
r2
(nr + 3M)ΦI(t, r).
Substituting for T in the definition of Z(+), we obtain the relation
(178) V (t, r) =
1
r
(Z(+)(t, r) + ΦI(t, r)).
Substituting these relations for T and V , the algebraic equation (166)
yields
(179) L(t, r) = −
n
r
Z(+)(t, r) +
3M
r2
ΦI(t, r).
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Finally, using (172) we find
N(t, r) = −
nr
nr + 3M
∂r∗Z
(+)(t, r)
−
n
(nr + 3M)2
[
6M2
r
+ 3Mn + n(n+ 1)r
]
Z(+)(t, r)
+
(
M −
M2
r − 2M
)
ΦI(t, r)
r2
+
r2
r − 2M
∂2tΦI(t, r).
(180)
We emphasize that the components N,L, T, V above are those asso-
ciated with the hI. The pullback is entirely analogous for components
of the normalized solution hII generated by XII, with ΦI replaced by
ΦII.
9.4. Decay of the Φ. Having written each of the linearized metric
coefficients N,L, T , and V in terms of Z(+) and the Φ, it remains to
prove decay of each. Decay of Z(+) is the subject of the previous section,
and, as we shall see, these results also lead to the decay of the Φ. Note
that we suppress the m-dependence, consistent with the estimates for
the Q
(+)
n .
From the previous analysis (144), we know that the Z-energy of the
Q
(+)
n through time-slices is bounded. Underestimating the Z-energy, we
find
CE0[Q
(+)
n ] ≥ E
Z
Q
(+)
n
(τ) ≥
∫
{t=τ}
√
1−
2M
r
u2 + v2
r2
|Q(+)n |
2
=
∫ ∞
2M
∫
S2
(u2 + v2)|Q(+)n |
2drdσ˚
=
∫ ∞
2M
∫
S2
u2 + v2
r2
|Z(+)n |
2|Y ℓmαβ |
2drdσ˚
=
∫ ∞
2M
u2 + v2
r2
n2|Z(+)n |
2dr
≥
∫ ∞
2M
u2 + v2
r2
|Z(+)n |
2dr.
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From this and the definition of the Φ (175, 176), we deduce the decay
estimate
|Φn(t, r)|
≤ C
√
1−
2M
r
∫ ∞
2M
∣∣∣∣∣∣ Z
(+)
n
r
√
1− 2Mr
∣∣∣∣∣∣ dr
≤ C
√
1−
2M
r
(∫ ∞
2M
u2 + v2
r2
|Z(+)n |
2dr
)1/2(∫ ∞
2M
1
1− 2Mr
1
u2 + v2
dr
)1/2
≤ C
√
1−
2M
r
√
E0[Q
(+)
n ]
(∫ ∞
−∞
1
t2 + r2∗
dr∗
)1/2
such that
(181) |Φn(t, r)| ≤ C
√
1−
2M
r
√
E0[Q
(+)
n ]t
−1/2,
decaying through the time slices. Note that this implies decay through
the foliation (83) above.
9.5. Decay of the Metric Coefficients.We illustrate decay of the
metric coefficients by considering L; the arguments for T and V are
entirely analogous.
Integrating on the unit sphere, we find∫
S2
|Lℓm|2 ≤ 2
(∫
S2
∣∣∣nZ(+)nm
r
∣∣∣2 + 9M2
r4
∫
S2
|Φnm|
2
)
≤
∫
S2
|Q(+)nm |
2 +
9M2
r4
∫
S2
|Φnm|
2
≤ C
(
E2[Q
(+)
nm ]τ
−2 + E0[Q
(+)
nm ]τ
−1
)
.
(182)
Summing the spherical harmonics, we deduce∫
S2
|L|2 =
∑
ℓm
∫
S2
|Lℓm|2
≤ C
∑
ℓm
(
E2[Q
(+)
nm ]τ
−2 + E0[Q
(+)
nm ]τ
−1
)
≤ CE2[Q
(+)]τ−1.
(183)
Such an L2-estimate is also possible upon applying the angular Killing
operators Ωi; that is, an analogous estimate to (183) holds for ΩiL,
ΩiΩjL, etc. Applying Sobolev embedding on the spheres, we deduce
the pointwise decay estimate
(184) sup
Σ˜τ
|L| ≤ C
∑
(q)≤2
√
E2[Ω(q)Q(+)]τ
−1/2
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through the standard decay foliation (83). Decay of the components T
and V is similar. Overall, we find the pointwise decay estimates
sup
Σ˜τ
|L| ≤ C
∑
(q)≤2
√
E2[Ω(q)Q(+)]
 τ−1/2,(185)
sup
Σ˜τ
|T | ≤ C
∑
(q)≤2
√
E0[Ω(q)Q(+)]
 τ−1/2,(186)
sup
Σ˜τ
|V | ≤ C
∑
(q)≤2
√
E2[Ω(q)Q(+)]
 τ−1/2(187)
through the foliation (83). Note that such estimates hold for either of
the normalized solutions hI or hII.
The remaining componentN is much less straightforward to estimate.
Fixing radii 2M < r0 < R0 <∞, we are able to recover decay estimates
for the normalized solutions in associated radial regimes.
9.5.1. The region 2M < r < R0.We consider the closed solution hI
(154) in the radial region 2M < r < R0. Rewriting the last term in
the expression for N (180) by bringing the partial derivatives under the
integral, applying the Zerilli equation for Z(+) (101), and integrating by
parts, we are left with
N =−
n
(
9M3 + 3Mnr(1 + (−1 + n)r)
)
r(nr + 3M)2
Z(+)
−
n
(
nr2(1 + n− nr) + 6M2(1 + 2nr)
)
r(nr + 3M)2
Z(+)
+
M
r2
ΦI −
M2
r3(r − 2M)
ΦI
−
r√
1− 2Mr
∫ r
2M
g(r′)
Z(+)√
1− 2Mr′ (nr
′ + 3M)
dr′,
(188)
where
(189) g(r) :=
2nr2 − 4M(−1 + n)r − 9M2
r4
.
The expression for N consists of “good” terms in the radial region
with the possible exception of the last two, the coefficients of which blow
up at the event horizon. We can capture the troublesome behavior of
these terms near the event horizon in the analysis of the model quantity
1
1− 2Mr
ΦI =
1√
1− 2Mr
∫ r
2M
Z(+)√
1− 2Mr′ (r
′ + 3M/n)
dr′.
LINEAR STABILITY OF SCHWARZSCHILD SPACETIME 51
To estimate the model quantity, we note that Z(+) satisfies the decay
estimate
Z(+)n ≤ C
√
E2[Q
(+)
n ]v
−1
+
with v+ = max{1, v}, in the region {t ≥ 0} ∩ {r ≤ R0}. For large v,
this estimate follows from the pointwise decay estimate on Q
(+)
n (146)
and the form of the foliation (83). Otherwise, the estimate reduces to
a weaker statement of boundedness on the exterior region.
Recalling the form of the Regge-Wheeler coordinate r∗ (9), we note
that the comparison
cer∗/2M ≤ 1−
2M
r
≤ Cer∗/2M
holds for small radii. For a point p on the quotient space, let
t = t(p), r = r(p), r∗ = r∗(p), τ = v(p).
We estimate ΦI by
|ΦI(p)| ≤ C
√
1−
2M
r
∫ r
2M
Z
(+)
n√
1− 2Mr′
dr′
= C
√
1−
2M
r
∫ r∗
−∞
√
1−
2M
r′
Z(+)n (t, r
′
∗)dr
′
∗
≤ Cer∗/4M
∫ r∗
−∞
er
′
∗/4M
√
E2[Q
(+)
n ] max{1, t+ r
′
∗}
−1dr′∗
≤ C
√
E2[Q
(+)
n ]e
(r∗−t)/4M
∫ τ
−∞
es/4M max{1, s}−1ds,
where we have performed the change of variable s = t+ r′∗. Asymptot-
ically in τ , the function∫ τ
−∞
es/4M max{1, s}−1ds
is comparable with eτ/4M τ−1, as can be seen by application of L’Hospital’s
rule. Hence for adequately large τ , the estimate above becomes
ΦI ≤ C
√
E2[Q
(+)
n ]e
(r∗−t)/4Meτ τ−1 ≤ C
√
E2[Q
(+)
n ]
(
1−
2M
r
)
τ−1.
In the region 2M ≤ r ≤ R0, the last term can be estimated in the same
way since∣∣∣∣∣∣ r√1− 2Mr
∫ r
2M
g(r′)
Z
(+)
n√
1− 2Mr′ (nr
′ + 3M)
dr′
∣∣∣∣∣∣ ≤ C√1− 2Mr
∫ r
2M
Z
(+)
n√
1− 2Mr′
dr′.
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Summing over the spherical harmonics, we deduce
(190) sup
Σ˜τ
|N | ≤ C
∑
(q)≤2
√
E2[Ω(q)Q(+)]
 τ−1
for the normalized solution hI in the region 2M ≤ r ≤ R0. Indeed, the
other three components L, T, V also satisfy this improved estimate for
small radii.
9.5.2. The region r0 < r < ∞. For the large radii, we consider the
solution hII. The analysis of N is much the same as the previous sub-
section. In particular, we can rewrite N as
N =−
n
(
9M3 + 3Mnr(1 + (−1 + n)r)
)
r(nr + 3M)2
Z(+)
−
n
(
nr2(1 + n− nr) + 6M2(1 + 2nr)
)
r(nr + 3M)2
Z(+)
+
M
r2
ΦII −
M2
r2(r − 2M)
ΦII
+
r√
1− 2Mr
∫ ∞
r
g(r′)
Z(+)√
1− 2Mr′ (nr
′ + 3M)
dr′,
(191)
with g defined in (189).
Now the only troublesome term is the last, with coefficient growing
large as r approaches spatial infinity. Quadratic decay of g allows us to
estimate
r√
1− 2Mr
∫ ∞
r
g(r′)
Z(+)√
1− 2Mr′ (nr
′ + 3M)
dr′
≤ Cr
∫ ∞
r
1
(r′)2
Z(+)√
1− 2Mr′ (r
′ + 3M/n)
dr′ ≤
C
r
ΦII.
Summing the spherical harmonics, we obtain a pointwise estimate for
N ,
(192) sup
Σ˜τ
|N | ≤ C
∑
(q)≤2
√
E2[Ω(q)Q(+)]
 τ−1/2,
for the solution hII in the radial region r0 < r <∞.
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9.6. Decay of the Interpolated Solution.We define cℓm in terms
of the difference between ΦℓmI and Φ
ℓm
II :
(
1−
2M
r
)−1/2
cℓm(t) := Φ
ℓm
I − Φ
ℓm
II
=
√
1−
2M
r
∫ ∞
2M
1√
1− 2Mr′
Z
(+)
nm
r′ + 3M/n
dr′.
(193)
In addition, we define the summation
(194) c(t, θ, φ) :=
∑
ℓ,m
cℓm(t)Y
ℓm(θ, φ),
where the sum is understood on L2(S2).
From the decay of the Φ (181), we have
|cℓm(t)| ≤
C
n
√
E0[Q
(+)
nm ]t
−1/2,
|c(t, θ, φ)| ≤ C
√
E0[Q(+)]t
−1/2.
Defining the function Gˇ(t, r, θ, φ) by
(195) Gˇ(t, r, θ, φ) := −c(t, θ, φ)
√
r2 − 2Mr,
we construct an associated co-vector field
Xˇ := −r2∇˜A(r
−2Gˇ)dxA + ∇˚αGˇdx
α
= r
(
1−
2M
r
)1/2
∂tc(t, θ, φ)dt − r
(
1−
2M
r
)1/2
∇˚αc(t, θ, φ)dx
α
−
(
1−
3M
r
)(
1−
2M
r
)−1/2
c(t, θ, φ)dr.
(196)
Denote the deformation tensor πˇ := πXˇ . By direct computation, πXˇ
is seen to be in Chandrasekhar gauge, with corresponding Friedman
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substitution quantities:
N [πˇ] = −
1
2
(
1−
2M
r
)−1
πˇ00
= −
M
r3
(
1−
2M
r
)−1/2
(r − 3M)c(t, θ, φ) − r
(
1−
2M
r
)−1/2
∂2t c(t, θ, φ),
L[πˇ] =
1
2
(
1−
2M
r
)
πˇ11 = −
3M
r2
(
1−
2M
r
)1/2
c(t, θ, φ),
T [πˇ] =
1
2r2
πˇαβσ˚
αβ =
(
1− 2Mr
)1/2
r
(
−∆˚− 2 +
6M
r
)
c(t, θ, φ),
Vαβ [πˇ] =
1
2r2
(
πˇαβ − r
2T [πˇ]˚σαβ
)
=
(
1− 2Mr
)1/2
r
∑
ℓm
cℓm(t)Y
ℓm
αβ .
Comparing the components of πI, πII and πˇ, we observe that πˇ = πII−πI
and Xˇ = XII −XI. Here we are just using the definition of cℓm(t) and
the expressions for the metric coefficients in terms of Z(+) (177, 178,
179, 180). For any r0 ≤ r ≤ R0, we have∫
S2(t,r)
L[πˇ]2dσ˚ ≤ C(M, r0, R0)
∑
ℓm
c2ℓm(t)
≤ C(M, r0, R0)
∑
ℓm
1
n2
E0[Q
(+)
nm ]t
−2
≤ C(M, r0, R0)E0[Q
(+)]t−2,
Similarly, ∫
S2(t,r)
N [πˇ]2dσ˚ ≤ C(M, r0, R0)E2[Q
(+)]t−2,
∫
S2(t,r)
T [πˇ]2dσ˚ ≤ C(M, r0, R0)
∑
ℓm
n2c2ℓm(t)
≤ C(M, r0, R0)
∑
ℓm
E0[Q
(+)
ℓm ]t
−2
≤ C(M, r0, R0)E0[Q
(+)]t−2,∫
S2(t,r)
|Vαβ |
2
σ˚dσ˚ ≤ C(M, r0, R0)
∑
ℓm
n2c2ℓm(t)
≤ C(M, r0, R0)E0[Q
(+)]t−2.
Having been defined in terms of the decaying function Gˇ, each com-
ponent of Xˇ has the same type of bound in r0 ≤ r ≤ R0 on the L
2-norm
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on spheres. Hence, letting 0 ≤ η(r) ≤ 1 be a cut-off function with η ≡ 0
as r ≤ r0 and η ≡ 1 as r ≥ R0, the deformation tensor
(197) πη(r)Xˇ = η(r)πˇ + η
′(r)
(
dr ⊗ Xˇ + Xˇ ⊗ dr
)
decays in the same fashion, in this radially compact region. Defining
the interpolated co-vector field
(198) X := XI + η(r)Xˇ = XII − (1− η(r))Xˇ,
we note that
h1 − πX = hI − πηXˇ as r ≤ R0,
h1 − πX = hII + π(1−η)Xˇ as r ≥ r0,
such that the L2-norm on spheres of each linearized metric component
of h = h1−πX decays through Σ˜τ . Commuting with the angular Killing
fields Ωi and applying Sobolev embedding, we obtain further pointwise
estimates on the components.
Away from the interpolation region r0 ≤ r ≤ R0 the linearized metric
has the Chandrasekhar gauge, and it is convenient to express decay of
the metric components in terms of the spacetime norm. Namely, away
from the interpolation region we have
|h|2g = 4
(
|N |2 + |L|2 + |T |2 + |V |2
)
,
with the spacetime norm being positive-definite. We note that the coor-
dinate frame in question is highly irregular at the event horizon, where
N and L coincide; in this way, there is a loss of control of the linearized
solution at the event horizon.
Within the interpolation region r0 ≤ r ≤ R0, the linearized metric
takes the form
h = h1 − πX = hI − η(r)πˇ − η
′(r)
(
dr ⊗ Xˇ + Xˇ ⊗ dr
)
.
Decay for the components of Chandrasekhar-gauged hI and πˇ is cap-
tured by the (positive-definite) spacetime norm, as mentioned above.
For the remaining components we utilize the estimates on c(t, θ, φ) and
Xˇ derived earlier in this subsection to control the squared norms by the
decaying quantity
C(r0, R0,M)(E1[Q
(+)])τ−1.
In total, we overestimate the squared norms of the linearized metric
components by means of
|h1|
2
g + |πˇ|
2
g + C(r0, R0,M)
(
E1[Q
(+)]
)
τ−1.
Theorem 22. Suppose h1 is a closed solution of the linearized vac-
uum Einstein equations (1), with support in ℓ ≥ 2. Further, assume
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that h1 is smooth and compactly supported away from the bifurcation
sphere on {t = 0}. Normalizing h1 by the co-vector (198),
h = h1 − πX ,
such that h is in the interpolated Chandrasekhar gauge, the normalized
solution h satisfies the following spacetime decay estimates:
Away from the interpolation region r0 ≤ r ≤ R0, we have
(199) sup
Σ˜τ
|h|g ≤ C
∑
(q)≤2
√
E2[Ω(q)Q(+)]
 τ−1/2.
through the decay foliation (83). As mentioned above, the spacetime
norm is positive-definite and describes the sum-of-squares of the lin-
earized metric components.
Restricting further to the region 2M ≤ r ≤ r0, we have the improve-
ment
(200) sup
Σ˜τ
|h|g ≤ C(r0)
∑
(q)≤2
√
E2[Ω(q)Q(+)]
 τ−1.
Finally, considering the interpolation region r0 ≤ r ≤ R0, the norms
of the linearized metric components are dominated by the quantity
(201) C(r0, R0,M)
(
|h1|g + |πˇ|g +
√
E1[Q(+)]τ
−1/2
)
,
itself satisfying the decay estimate(
|h1|g + |πˇ|g +
√
E1[Q(+)]τ
−1/2
)
≤ C(r0, R0,M)
∑
(q)≤2
√
E2[Ω(q)Q(+)]
 τ−1/2.(202)
10. Proof of Theorem 2
In this final section, we combine the results of Sections 6-9, on the
analysis of the closed and co-closed portions, to obtain decay estimates
for a suitable normalization of δgℓ≥2, corresponding to Theorem 2 in
the Introduction. With the lower modes of δgℓ<2 accounted for in Sec-
tion 5, the following theorem is a statement of linear stability for the
Schwarzschild spacetime.
Theorem 23. Suppose δgℓ≥2 is a solution of the linearized vac-
uum Einstein equations (1), with support in ℓ ≥ 2. Moreover, assume
that δgℓ≥2 is smooth and compactly supported away from the bifurcation
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sphere on the time-slice {t = 0}. Then there exists a smooth co-vector
Xℓ≥2 such that
(203) δgℓ≥2 = πXℓ≥2 + δ̂g
ℓ≥2
,
where the norms of the linearized metric components of the normalized
solution δ̂g
ℓ≥2
are bounded by the decaying expression
C
( ∑
(q)≤2
(√
E2[Ω(q)Q(−)] +
√
E2[Ω(q)P ]
+
√
E2[Ω(q) /∇Yˆ P ] +
√
E2[Ω(q)Q(+)]
))
τ−1/2
(204)
through the decay foliation (83).
Proof. We define
(205) Xℓ≥2 := G+X,
with G and X co-vectors from Lemma 14 and (198), respectively impos-
ing the Regge-Wheeler gauge on the co-closed portion and the interpo-
lated Chandrasekhar gauge on the closed portion. Combining Theorems
15 and 22, the difference
(206) δ̂g
ℓ≥2
:= δgℓ≥2 − πXℓ≥2
has linearized metric components whose norms are controlled by the
decaying quantity
C
( ∑
(q)≤2
(√
E2[Ω(q)Q(−)] +
√
E2[Ω(q)P ]
+
√
E2[Ω(q) /∇Yˆ P ] +
√
E2[Ω(q)Q(+)]
))
τ−1/2.
q.e.d.
For more refined decay estimates of the co-closed and closed portions,
and their associated linearized metric coefficients, we refer the reader to
Theorems 15 and 22.
Appendix A. Symmetric traceless two-tensors on S2
In this appendix, several calculations regarding symmetric traceless
two-tensors on the unit sphere are provided. The analysis carries over to
such tensors defined on a spherically symmetric spacetime with respect
to the operator ∇˚ and the associated Laplacian ∆˚ specified in Section
3.
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Consider the standard unit sphere S2 with round metric σαβ and area
form ǫαβ , where u
α, α = 1, 2 is a local coordinate system on S2. We
use ∇ to refer to the associated covariant derivative operator, and ∆ to
refer to the associated spherical Laplacian.
For one-forms and two-tensors on S2, the following formula holds:
(∇α∇β −∇β∇α)Tγ = δαγTβ − δβγTα,
(∇α∇β −∇β∇α)Tγη = δαγTβη − δβγTαη + δαηTγβ − δβηTγα.
(207)
Proposition 24. Let Sαβ be a symmetric traceless two-tensor on S
2.
(1) Then there exists a one-form pα such that
(208) Sαβ =
1
2
(∇βpα +∇αpβ − (∇
γpγ)σαβ).
(2) If ∇αSαβ is closed, then pα is closed and there exists a function
f such that
Sαβ = ∇α∇βf −
1
2
σαβ∆f,
and ∇αSαβ =
1
2∇β(∆f + 2f),∇
β∇αSαβ =
1
2∆(∆f + 2f).
(3) If ∇αSαβ is co-closed, then there exists a function g such that
Sαβ =
1
2
(ǫγα∇β∇γg + ǫ
γ
β∇α∇γg),
and ǫγβ∇γ∇
αSαβ =
1
2∆(∆g + 2g).
Proof. Since there is no harmonic one-form on S2, Hodge decomposi-
tion implies that any one-form pβ can be written as pβ = ∇βf + ǫ
γ
β∇γg
for two functions f and g on S2. Similarly, a symmetric traceless two-
tensor Sαβ has a potential one-form pβ as in the decomposition (208).
Taking a derivative of (208), we find
1
2
(∇α∇βpα +∇
α∇αpβ −∇β∇
αpα) = ∇
αSαβ.
On S2, we have the curvature relation
∇α∇βpα −∇β∇
αpα = pβ.
On the other hand, pβ = ∇βf + ǫ
γ
β∇γg implies
∇α∇α(pβ) = ∇β(∆f) + ǫ
γ
β∇γ(∆g) +∇βf + ǫ
γ
β∇γg.
Altogether, we obtain
1
2
[
∇β(∆f + 2f) + ǫ
γ
β∇γ(∆g + 2g)
]
= ∇αSαβ.
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Examining the expression above, we see that the first parts of (2) and
(3) follow. It remains to show
1
2
∆(∆f + 2f) = ∇β∇αSαβ,
1
2
∆(∆g + 2g) = ǫγβ∇γ∇
αSαβ.
(209)
We apply the operator ∇β and ǫηβ∇η to both sides and obtain the de-
sired equation (209). LetXi, i = 1, 2, 3 be the three coordinate functions
for the standard embedding of S2 into R3. It is known that they form
a basis of the eigenspace of eigenvalue −2. The kernel of the operator
∆ + 2 on S2 consists of exactly this eigenspace. In order to solve for f
and g, we check that:∫
S2
(∇β∇αSαβ)X
i = −
∫
σαβSαβX
i = 0,
and ∫
S2
(ǫγβ∇γ∇
αSαβ)X
i =
∫
ǫαβSαβX
i = 0,
because Sαβ is symmetric and trace-free. Therefore both f and g can
be solved and the ambiguity consists exactly of the first eigenfunctions
Xi and constant functions. q.e.d.
Proposition 25. If f is an eigenfunction on S2 with ∆f = −λf ,
then both ∇αf and ǫ
γ
α∇γf are eigensections, with ∇
α∇α∇βf = (−λ+
1)∇βf and similarly.
Proof. We use the formula
∇α∇βpα −∇β∇
αpα = pβ
for any one-form. q.e.d.
Proposition 26. If pα is an eigensection on S
2 with ∇γ∇γpα =
(−λ+1)pα, then Sαβ =
1
2(∇βpα+∇αpβ−(∇
γpγ)σαβ) is an eigensection
and
∇γ∇γSαβ = (−λ+ 4)Sαβ .
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